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Despite the renewed interest in the Newey and Powell (1987)
concept of expectiles in fields such as econometrics, risk manage-
ment, and extreme value theory, expectile regression—or, more gener-
ally, M-quantile regression—unfortunately remains limited to single-
output problems. To improve on this, we introduce hyperplane-valued
multivariate M-quantiles that show strong advantages, for instance
in terms of equivariance, over the various point-valued multivariate
M-quantiles available in the literature. Like their competitors, our
multivariate M-quantiles are directional in nature and provide cen-
trality regions when all directions are considered. These regions de-
fine a new statistical depth, the halfspace M-depth, whose deepest
point, in the expectile case, is the mean vector. Remarkably, the
halfspace M-depth can alternatively be obtained by substituting, in
the celebrated Tukey (1975) halfspace depth, M-quantile outlying-
ness for standard quantile outlyingness, which supports a posteriori
the claim that our multivariate M-quantile concept is the natural
one. We investigate thoroughly the properties of the proposed multi-
variate M-quantiles, of halfspace M-depth, and of the corresponding
regions. Since our original motivation was to define multiple-output
expectile regression methods, we further focus on the expectile case.
We show in particular that expectile depth is smoother than the
Tukey depth and enjoys interesting monotonicity properties that are
extremely promising for computational purposes. Unlike their quan-
tile analogs, the proposed multivariate expectiles also satisfy the co-
herency axioms of multivariate risk measures. Finally, we show that
our multivariate expectiles indeed allow performing multiple-output
expectile regression, which is illustrated on simulated and real data.
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2 A. DAOUIA AND D. PAINDAVEINE
1. Introduction. Whenever one wants to assess the impact of a vec-
tor of covariates X on a scalar response Y , mean regression, in its various
forms (linear, nonlinear, or nonparametric), remains by far the most popular
method. Mean regression, however, only captures the conditional mean
µ(x) := E[Y |X = x] = arg min
θ∈R
E
[
(Y − θ)2|X = x]
of the response, hence fails to describe thoroughly the conditional distribu-
tion of Y given X. Such a thorough description is given by the Koenker and
Basset (1978) quantile regression, that considers the conditional quantiles
(1.1) qα(x) := arg min
θ∈R
E
[
ρα,L1(Y − θ)|X = x
]
, α ∈ (0, 1),
where ρα,L1(t) := ((1 − α)I[t < 0] + αI[t > 0])|t| is the check function
(throughout, I[A] stands for the indicator function of A). An alternative to
quantile regression is the Newey and Powell (1987) expectile regression, that
focuses on the conditional expectiles
(1.2) eα(x) := arg min
θ∈R
E
[
ρα,L2(Y − θ)|X = x
]
, α ∈ (0, 1),
where ρα,L2(t) := ((1− α)I[t < 0] + αI[t > 0])t2 is an asymmetric quadratic
loss function, in the same way the check function is an asymmetric absolute
loss function. Conditional expectiles, like conditional quantiles, fully char-
acterize the conditional distribution of the response and nicely include the
conditional mean µ(x) as a particular case. Sample conditional expectiles,
unlike their quantile counterparts, are sensitive to extreme observations, but
this may actually be an asset in some applications; in financial risk manage-
ment, for instance, quantiles are often criticized for being too liberal (due to
their insensitivity to extreme losses) and expectiles are therefore favoured
in any prudent and reactive risk analysis (?).
Expectile regression shows other advantages over quantile regression, of
which we mention only a few here. First, inference on quantiles requires es-
timating nonparametrically the conditional density of the response at the
considered quantiles, which is notoriously difficult. In constrast, inference on
expectiles can be performed without resorting to any smoothing technique,
which makes it easy, e.g., to test for homoscedasticity or for conditional
symmetry in linear regression models (Newey and Powell, 1987). Second,
since expectile regression includes classical mean regression as a particu-
lar case, it is closer to the least squares notion of explained variance and,
in parametric cases, expectile regression coefficients can be interpreted with
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respect to variance heteroscedasticity. This is of particular relevance in com-
plex regression specifications including nonlinear, random or spatial effects
(Sobotka and Kneib, 2012). Third, expectile smoothing techniques, based
on kernel smoothing (Yao and Tong, 1996) or penalized splines (Schnabel
and Eilers, 2009), show better smoothness and stability than their quantile
counterparts and also make expectile crossings far more rare than quantile
crossings; see Schnabel and Eilers (2009), Eilers (2013) and Schulze Waltrup
et al. (2015). These points explain why expectiles recently regained much
interest in econometrics; see, e.g., Kuan, Yeh and Hsu (2009), De Rossi and
Harvey (2009), and Embrechts and Hofert (2014).
Despite these nice properties, expectile regression still suffers from an
important drawback, namely its limitation to single-output problems. In
contrast, many works developed multiple-output quantile regression meth-
ods. We refer, among others, to Chakraborty (2003), Cheng and De Gooi-
jer (2007), Wei (2008), Hallin, Paindaveine and Sˇiman (2010), Cousin and
Di Bernardino (2013), Waldmann and Kneib (2015), Hallin et al. (2015),
Carlier, Chernozhukov and Galichon (2016, 2017), and Chavas (2018). This
is in line with the fact that defining a satisfactory concept of multivariate
quantile is a classical problem that has attracted much attention in the liter-
ature (we refer to Serfling (2002) and to the references therein), whereas the
literature on multivariate expectiles is much sparser. Some early efforts to
define multivariate expectiles can be found in Koltchinski (1997), Breckling,
Kokic and Lu¨bke (2001) and Kokic, Breckling and Lu¨bke (2002), that all de-
fine more generally multivariate versions of the M-quantiles from Breckling
and Chambers (1988) (a first concept of multivariate M-quantile was actu-
ally already discussed in Breckling and Chambers (1988) itself). Recently,
there has been a renewed interest in defining multivariate expectiles; we re-
fer to Cousin and Di Bernardino (2014), Maume-Deschamps, Rullie`re and
Said (2017a,b), and to Herrmann, Hofert and Mailhot (2018). Multivariate
risk handling in finance and actuarial sciences is mostly behind this growing
interest, as will be discussed in Section 6 below.
This paper introduces multivariate expectiles—and, more generally, mul-
tivariate M-quantiles—that enjoy many desirable properties, particularly in
terms of affine equivariance. While this equivariance property is a standard
requirement in the companion problem of defining multivariate quantiles,
the available concepts of multivariate expectiles or M-quantiles are at best
orthogonal-equivariant. Like their competitors, our multivariate M-quantiles
are directional quantities, but they are hyperplane-valued rather than point-
valued. Despite this different nature, they still generate centrality regions
when all directions are considered. While this has not been discussed in
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the multivariate M-quantile literature (nor in the multivariate expectile
one), this defines an M-concept of statistical depth. The resulting halfspace
M-depth generalizes the Tukey (1975) halfspace depth and satisfies the desir-
able properties of depth identified in Zuo and Serfling (2000a). Remarkably,
this M-depth can alternatively be obtained by replacing, in the halfspace
Tukey depth, standard quantile outlyingness with M-quantile outlyingness,
which a posteriori supports the claim that our multivariate M-quantile con-
cept is the natural one. This is a key result that allows us to study the
structural properties of M-depth. Compared to Tukey depth, the particular
case of expectile depth shows interesting properties in terms of, e.g., smooth-
ness and monotonicity, and should be appealing to practitioners due to its
link with the most classical location functional, namely the mean vector.
Our multivariate expectiles, unlike their quantile counterparts, also satisfy
all axioms of coherent risk measures. Finally, in line with our original ob-
jective, they allow us to define multiple-output expectile regression methods
that actually show strong advantages over their quantile counterparts.
The outline of the paper is as follows. In Section 2, we carefully define
univariate M-quantiles through a theorem that extends a result from Jones
(1994) and is of independent interest. In Section 3, we introduce our concept
of multivariate M-quantiles and compare the resulting M-quantile regions
with those associated with alternative M-quantile concepts. In Section 4,
we define halfspace M-depth and investigate its properties, whereas, in Sec-
tion 5, we focus on the particular case of expectile depth. In Section 6,
we discuss the relation between multivariate M-quantiles and risk measures,
and we show that our expectiles satisfy the coherency axioms of multivariate
risk measures. In Section 7, we explain how these expectiles allow performing
multiple-output expectile regression, which is illustrated on simulated and
real data. Final comments and perspectives for future research are provided
in Section 8. Appendix A describes some of the main competing multivariate
M-quantile concepts, whereas Appendix B collects all proofs.
2. On univariate M-quantiles. As mentioned in Jones (1994), the
Breckling and Chambers (1988) M-quantiles are related to M-estimates (or
M-functionals) of location in the same way standard quantiles are related to
the median. In line with (1.1)-(1.2), the order-α M-quantile of a probability
measure P over R may be thought of as
(2.1) θρα(P ) := arg min
θ∈R
E
[
ρα(Z − θ)
]
,
where ρα(t) := ((1− α)I[t < 0] + αI[t > 0])ρ(t) is based on a suitable sym-
metric loss function ρ and where the random variable Z has distribution P .
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Standard quantiles are obtained for the absolute loss function ρ(t) = |t|,
whereas expectiles are associated with the quadratic loss function ρ(t) = t2.
One may also consider the Huber loss functions
(2.2) ρc(t) :=
t2
2c
I[|t| < c] +
(
|t| − c
2
)
I[|t| ≥ c], c > 0,
that allow recovering, up to an irrelevant positive scalar factor, the absolute
value and quadratic loss functions above. The resulting M-quantiles θρcα (P )
thus offer a continuum between quantiles and expectiles.
The M-quantiles in (2.1) may be non-unique: for instance, if ρ(t) = |t|
and P = Pn is the empirical probability measure associated with a sample
of size n, then θρα(P ), for any α = 1/n, . . . , (n − 1)/n, is an interval with
non-empty interior. Another issue is that it is unclear what is the collection
of probability measures P for which θρα(P ) is well-defined. We will therefore
adopt an alternative definition of M-quantiles, that results from Theorem 2.1
below. The result, that is of independent interest, significantly extends the
theorem in page 151 of Jones (1994) (in particular, Jones’ result excludes the
absolute loss function and all Huber loss functions). To state the result, we
define the class C of loss functions ρ : R → R+ that are convex, symmetric
and such that ρ(t) = 0 for t = 0 only. For any ρ ∈ C, we write ψ− for the left-
derivative of ρ (existence follows from convexity of ρ) and we denote as Pρ
the collection of probability measures P over R such that (i) P [{θ}] < 1 for
any θ ∈ R and (ii) ∫∞−∞ |ψ−(z − θ)| dP (z) <∞ for any θ ∈ R.
Theorem 2.1. Fix α ∈ (0, 1), ρ ∈ C and P ∈ Pρ. Let Z be a random
variable with distribution P . Then, (i) θ 7→ Oρ(θ) := E[ρα(Z−θ)−ρα(Z)] is
well-defined for any θ, and it is left- and right-differentiable over R, hence
also continuous over R. (ii) The corresponding left- and right-derivatives
satisfy Oρ′−(θ) ≤ Oρ′+(θ) at any θ. (iii) The sign of Oρ′+(θ) is the same as that
of Gρ(θ)− α, where we let
Gρ(θ) :=
E[|ψ−(Z − θ)|I[Z ≤ θ]]
E[|ψ−(Z − θ)|] ;
(iv) θ 7→ Gρ(θ) is a cumulative distribution function over R. (v) The order-α
M-quantile of P , which we define as
(2.3) θρα(P ) := inf
{
θ ∈ R : Gρ(θ) ≥ α},
minimizes θ 7→ Oρ(θ) over R, hence provides a unique representative of the
argmin in (2.1). (vi) If ψ− is continuous over R (or if P is non-atomic),
then Gρ is continuous at θρα(P ), so that Gρ(θ
ρ
α(P )) = α.
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In this result, the objective function in (2.1) was replaced by the modified
one Oρ(θ), which does not have any impact on the corresponding argmin.
This is a classical trick from the quantile and expectile literatures that en-
sures that quantiles (resp., expectiles) are well-defined without any moment
condition (resp., under a finite first-order moment condition), whereas the
corresponding original objective function in (2.1) in principle imposes a finite
first-order moment (resp., a finite second-order moment).
When case (vi) applies (as it does for the quadratic loss function and any
Huber loss function), the equation Gρ(θρα(P )) = α plays the role of the first-
order condition associated with (2.1). When case (vi) does not apply (which
is the case for empirical probability measures when using the absolute loss
function), this first-order condition is to be replaced by the more general
one in (2.3). For the absolute and quadratic loss functions, one has
Gρ(θ) = P [Z ≤ θ] and Gρ(θ) = E[|Z − θ|I[Z ≤ θ]]
E[|Z − θ|] ,
respectively. For the absolute loss function, θρα(P ) in (2.3) therefore coin-
cides with the usual order-α quantile, whereas for the quadratic loss func-
tion, it similarly provides a uniquely defined order-α expectile. For our later
purposes, it is important to note that the larger Gρ(θ)(≤ 1/2) (resp., 1 −
Gρ(θ − 0)(≤ 1/2), where H(θ − 0) denotes the limit of H(t) as t ↗ θ), the
less θ is outlying below (resp., above) the central location θρ1/2(P ). There-
fore, MDρ(θ, P ) := min(Gρ(θ), 1 − Gρ(θ − 0)) measures the centrality—as
opposed to outlyingness—of the location θ with respect to P . In other words,
MDρ(θ, P ) defines a measure of statistical depth over the real line; see Zuo
and Serfling (2000a). In the sequel, we will extend this “M-depth” to the
multivariate case. Note that, for d = 1 and ρ(t) = |t|, the depth MDρ(θ, P )
reduces to the Tukey (1975) halfspace depth.
3. Our multivariate M-quantiles. Since the original multivariate
M-quantiles from Breckling and Chambers (1988), that actually include
the celebrated geometric quantiles from Chaudhuri (1996) and the recent
geometric expectiles from Herrmann, Hofert and Mailhot (2018), several
concepts of multivariate M-quantiles have been proposed. For the sake of
completeness, we will describe these multivariate M-quantiles, as well as
those from Breckling, Kokic and Lu¨bke (2001) and Kokic, Breckling and
Lu¨bke (2002), in Appendix A. For now, it is only important to mention
that, possibly after an unimportant reparametrization, all aforementioned
multivariate M-quantiles can be written as functionals P 7→ θρα,u(P ) that
take values in Rd and are indexed by a scalar order α ∈ (0, 1) and a di-
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rection u ∈ Sd−1 := {z ∈ Rd : ‖z‖2 := z′z = 1}; here, P is a probability
measure over Rd. Typically, θρα,u(P ) does not depend on u for α = 1/2, and
the resulting common location is seen as the center (the “median”) of P .
Our multivariate M-quantiles will also be of a directional nature but they
will be hyperplane-valued rather than point-valued. For d = 1, it is often
important to know whether some test statistic takes a value below or above
a given quantile, that is used as a critical value; for d > 1, hyperplane-valued
quantiles, unlike point-valued ones, could similarly be used as critical values
with vector-valued test statistics.
Before describing our M-quantiles, we introduce the class of probability
measures for which they will be well-defined. To this end, for u ∈ Sd−1 and a
probability measure P over Rd, denote as Pu the probability measure over R
that is defined through Pu[A] = P [{z ∈ Rd : u′z ∈ A}]; in other words,
if Z is a random d-vector with distribution P , then Pu is the distribution
of u′Z. Consider then the collection Pρd of probability measures P over Rd
such that (i) no hyperplane of Rd has P -probability mass one and such
that (ii)
∫∞
−∞ |ψ−(z − θ)| dPu(z) < ∞ for any θ ∈ R and u ∈ Sd−1. Note
that Pρ1 coincides with the collection of probability measures Pρ introduced
in Section 2. Our concept of multivariate M-quantile is then the following.
Definition 3.1. Fix ρ ∈ C and P ∈ Pρd . Let Z be a random d-vector
with distribution P . Then, for any α ∈ (0, 1) and u ∈ Sd−1, the order-α
M-quantile of P in direction u is the hyperplane
piρα,u(P ) =
{
z ∈ Rd : u′z = θρα(Pu)
}
,
where θρα(Pu) is the order-α M-quantile of Pu; see (2.3). The corresponding
upper-halfspace Hρα,u(P ) =
{
z ∈ Rd : u′z ≥ θρα(Pu)
}
will be called order-α
M-quantile halfspace of P in direction u.
For ρ(t) = |t|, these quantile hyperplanes reduce to those from Paindav-
eine and Sˇiman (2011) (see also Kong and Mizera, 2012), whereas ρ(t) = t2
provides the proposed multivariate expectiles. For any loss function ρ, the
hyperplanes piρα,u are linked in a straightforward way to the direction u: they
are simply orthogonal to u. In contrast, the point-valued competitors typi-
cally depend on u in an intricate way, and there is in particular no guarantee
that θρα,u(P ) belongs to the halfline with direction u originating from the cor-
responding median (see above). Note that the “intercepts” of our M-quantile
hyperplanes are the univariate M-quantiles of the projection u′Z of Z onto u
(where Z has distribution P ), hence also allow for a direct interpretation.
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Irrespective of the loss function ρ, competing multivariate M-quantiles
fail to be equivariant under affine transformations. As announced in the
introduction, our M-quantiles improve on this. We have the following result.
Theorem 3.1. Fix ρ ∈ Caff and P ∈ Pρd , where Caff(⊂ C) is the collection
of power loss functions ρ(t) = |t|r with r ≥ 1. Let A be an invertible d × d
matrix and b be a d-vector. Then, for any α ∈ (0, 1) and u ∈ Sd−1,
piρα,uA(PA,b) = Api
ρ
α,u(P ) + b and H
ρ
α,uA
(PA,b) = AH
ρ
α,u(P ) + b,
where uA := (A
−1)′u/‖(A−1)′u‖ and where PA,b is the distribution of AZ+b
when Z is a random d-vector with distribution P .
In the univariate case, the M-quantiles associated with ρ ∈ Caff are known
as Lr-quantiles and were used for testing symmetry in nonparametric re-
gression (?); the estimation of extreme Lr-quantiles was also recently in-
vestigated in ?. While Theorem 3.1 above shows in particular that quan-
tile and expectile hyperplanes are affine-equivariant, the restriction to Caff
cannot be dropped. For instance, for fixed c > 0, the M-quantile hyper-
planes piρcα,u(P ), associated with the Huber loss function in (2.2), fail to be
affine-equivariant. Our multivariate extension is not to be blamed for this,
however, since the corresponding univariate M-quantiles θρcα (P ) themselves
fail to be scale-equivariant. Actually, it can be checked that if ρ ∈ C makes
the univariate M-quantiles θρα(P ) scale-equivariant, then our multivariate
M-quantiles associated with ρ are affine-equivariant in the sense described
in Theorem 3.1.
At first sight, a possible advantage of any point-valued M-quantiles θρα,u(P )
is that they naturally generate contours and regions. More precisely, they al-
low considering, for any α ∈ (0, 12 ], the order-α M-quantile contour {θρα,u(P ) :
u ∈ Sd−1}, the interior part of which is then the corresponding order-α
M-quantile region. Our hyperplane-valued M-quantiles, however, also pro-
vide centrality regions, hence corresponding contours.
Definition 3.2. Fix ρ ∈ C and P ∈ Pρd . For any α ∈ (0, 1), the order-α
M-quantile region of P is Rρα(P ) =
⋂
u∈Sd−1 H
ρ
α,u(P ) and the corresponding
order-α contour is the boundary ∂Rρα(P ) of R
ρ
α(P ).
Theorem 2.1 entails that the univariate M-quantiles θρα(P ) in (2.3) are
monotone non-decreasing functions of α. A direct corollary is that the re-
gions Rρα(P ) are non-increasing with respect to inclusion. The proposed
regions enjoy many nice properties compared to their competitors result-
ing from point-valued M-quantiles, as we show on the basis of Theorem 3.2
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below. To state the result, we need to define the following concept: for a
probability measure P over Rd, the C-support of P is CP := {z ∈ Rd :
P [u′Z ≤ u′z] > 0 for any u ∈ Sd−1}, where the random d-vector Z has dis-
tribution P . Clearly, CP can be thought of as the convex hull of P ’s support.
We then have the following result.
Theorem 3.2. Fix ρ ∈ C and P ∈ Pρd . Then, for any α ∈ (0, 1), the
region Rρα(P ) is a convex and compact subset of CP . Moreover, if ρ ∈ Caff ,
then Rρα(PA,b) = AR
ρ
α(P )+b for any invertible d×d matrix A and d-vector b.
No competing M-quantile regions combine these properties. For instance,
the original M-quantile regions from Breckling and Chambers (1988), hence
also the geometric quantile regions from Chaudhuri (1996) and their expec-
tile counterparts from Herrmann, Hofert and Mailhot (2018), may extend
far beyond the convex hull of the support; for geometric quantile regions,
this was formally proved in Girard and Stupfler (2017). This was actually
the motivation for the alternative proposals in Breckling, Kokic and Lu¨bke
(2001) and Kokic, Breckling and Lu¨bke (2002). The regions introduced in
these two papers, however, may fail to be convex, which is unnatural. More
generally, none of the competing M-quantile or expectile regions are affine-
equivariant. This may result in quite pathological behaviors: for instance,
Theorem 2.2 from Girard and Stupfler (2017) implies that, if P is an ellipti-
cally symmetric probability measure admitting a density f , then, for small
values of α, the geometric quantile contours from Chaudhuri (1996) are “or-
thogonal” to the principal component structure of P , in the sense that these
contours are furthest (resp., closest) to the symmetry center of P in the last
(resp., first) principal direction. In contrast, the affine-equivariance result in
Theorem 3.2 ensures that, in such a distributional setup, the shape of our
M-quantile contours will match the principal component structure of P .
As an illustration, we consider the “cigar-shaped” data example from
Breckling, Kokic and Lu¨bke (2001) and Kokic, Breckling and Lu¨bke (2002),
for which P = Pn is the empirical probability measure associated with
n = 200 bivariate observations whose x-values form a uniform grid in [−1, 1]
and whose y-values are independently drawn from the normal distribution
with mean 0 and variance .01. Figure 1 draws, for several orders α, the var-
ious quantile and expectile contours mentioned in the previous paragraph.
Our contours ∂Rρα(Pn) were computed by replacing the intersection in Defi-
nition 3.2 by an intersection over L = 500 equispaced directions u in S1 (all
competing contours require a similar discretization). The results show that,
like the geometric quantiles from Chaudhuri (1996), their expectile counter-
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parts from Herrmann, Hofert and Mailhot (2018) may extend beyond the
convex hull of the data points. The aforementioned pathological behavior of
the extreme geometric quantiles Chaudhuri (1996) relative to the principal
component structure of P not only shows for these quantiles but also for the
corresponding expectiles. Finally, the outer quantile/expectile regions from
Breckling, Kokic and Lu¨bke (2001) and Kokic, Breckling and Lu¨bke (2002)
are non-convex in most cases. In line with Theorem 3.2, our M-quantile
regions and contours do not suffer from these deficiencies.
4. Halfspace M-depth. Our M-quantile regions Rρα(P ) are centrality
regions, in the sense that they group locations z in the sample space Rd
according to their centrality with respect to the underlying distribution P .
This defines the following concept of depth (throughout, we let sup ∅ := 0).
Definition 4.1. Fix ρ ∈ C and P ∈ Pρd . Then, the corresponding halfsp-
ace M-depth of z with respect to P is MDρ(z, P ) = sup{α > 0 : z ∈ Rρα(P )}.
While this was not done in the literature (neither for general M-quantiles
nor for expectiles), other M-depth concepts could similarly be defined from
any collection of competing M-quantile regions. However, these M-depths
would, irrespective of ρ, fail to meet one of the most classical requirements for
depth, namely affine invariance; see Zuo and Serfling (2000a). Our M-depth
is better in this respect; see Theorem 4.3(i) below.
For any depth, the corresponding depth regions, that collect locations
with depth larger than or equal to a given level α, are of particular interest.
The following result shows that halfspace M-depth regions strictly coincide
with the centrality regions introduced in the previous section.
Theorem 4.1. Fix ρ ∈ C and P ∈ Pρd . Then, for any α ∈ (0, 1), the
level-α depth region {z ∈ Rd : MDρ(z, P ) ≥ α} coincides with Rρα(P ).
This result has several interesting consequences. First, it implies that
the depth MDρ reduces to the Tukey (1975) halfspace depth for ρ(t) = |t|
(since the corresponding centrality regions Rρα(P ) are known to be the Tukey
depth regions; see, e.g., Theorem 2 in Kong and Mizera, 2012). Second,
Theorems 3.2–4.1 show that halfspace M-depth regions are convex, so that
our M-depth is quasi-concave: for any z0, z1 ∈ Rd and λ ∈ (0, 1), one has
MDρ((1−λ)z0 +λz1, P ) ≥ min(MDρ(z0, P ),MDρ(z1, P )). Third, since The-
orems 3.2–4.1 imply that the mapping z 7→MDρ(z, P ) has closed upper level
sets, this mapping is upper semicontinuous over Rd (it is actually contin-
uous over Rd if P assigns probability zero to all hyperplanes of Rd; see
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Fig 1. (Top:) the geometric expectile contours from Herrmann, Hofert and Mailhot (2018)
(left) and geometric quantile contours from Chaudhuri (1996) (right), for the cigar-shaped
data described in Section 3 and for orders α = .00001, .0005, .005, and .25 (for the smallest
order α, the quantile contour is outside the plot). (Bottom left:) the expectile contours from
Breckling, Kokic and Lu¨bke (2001) (blue), the (δ = 10)-version of the Kokic, Breckling
and Lu¨bke (2002) expectile contours (orange), and the proposed expectile contours (green),
for the same data and for orders α = 1/n = .005 and .25; we use the same value of δ as in
Kokic, Breckling and Lu¨bke (2002). (Bottom right:) the quantile versions of the contours
in the bottom left panel. In each panel, the n = 200 data points are plotted in grey.
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Lemma B.7). Fourth, the compactness of halfspace M-depth regions with
level α > 0, which results again from Theorems 3.2–4.1, allows us to estab-
lish the existence of an M-deepest location.
Theorem 4.2. Fix ρ ∈ C and P ∈ Pρd . Then, supz∈RdMDρ(z, P ) =
MDρ(z∗, P ) for some z∗ ∈ Rd.
The M-deepest location z∗ may fail to be unique. For the halfspace Tukey
depth, whenever a unique representative of the deepest locations is needed,
a classical solution consists in considering the Tukey median, that is defined
as the barycenter of the deepest region. The same solution can be adopted
for our M-depth and the convexity of the M-deepest region will still ensure
that this uniquely defined M-median has indeed maximal M-depth.
The following result shows that, for ρ ∈ Caff (a restriction that is required
only for Part (i) of the result), the halfspace M-depth MDρ is a statistical
depth function, in the axiomatic sense of Zuo and Serfling (2000a).
Theorem 4.3. Fix ρ ∈ Caff and P ∈ Pρd . Then, MDρ(z, P ) satisfies
the following properties: (i) (affine invariance:) for any invertible d × d
matrix A and d-vector b, MDρ(Az + b, PA,b) = MD
ρ(z, P ), where PA,b
was defined in Theorem 3.1; (ii) (maximality at the center:) if P is cen-
trally symmetric about θ∗ (i.e., P [θ∗ + B] = P [θ∗ − B] for any d-Borel
set B), then MDρ(θ∗, P ) ≥MDρ(z, P ) for any d-vector z; (iii) (monotonic-
ity along rays:) if θ has maximum M-depth with respect to P , then, for
any u ∈ Sd−1, r 7→ MDρ(θ + ru, P ) is monotone non-increasing in r(≥ 0)
and MDρ(θ + ru, P ) = 0 for any r > ru(P ) := sup{r > 0 : θ + ru ∈ CP }
(∈ (0,+∞]); (iv) (vanishing at infinity:) as ‖z‖ → ∞, MDρ(z, P )→ 0.
As mentioned above, MDρ reduces to the Tukey depth for ρ(t) = |t|. For
any other ρ function, the depth MDρ is, to the authors’ best knowledge,
original. In particular, the (halfspace) expectile depth obtained for ρ(t) = t2
has not been considered so far. While, as already mentioned, competing con-
cepts of multivariate expectiles would provide alternative concepts of expec-
tile depth (through the corresponding expectile regions as in Definition 4.1),
the following result hints that our construction is the natural one.
Theorem 4.4. Fix ρ ∈ C and P ∈ Pρd . Then, for any z ∈ Rd,
(4.1) MDρ(z, P ) = inf
u∈Sd−1
E[|ψ−(u′(Z − z))|I[u′(Z − z) ≤ 0]]
E[|ψ−(u′(Z − z))|] ,
where ψ− is the left-derivative of ρ and where Z has distribution P .
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For ρ(t) = |t|, we have ψ−(t) = I[t > 0] − I[t ≤ 0], so that Theorem 4.4
confirms that our M-depth then coincides with the halfspace Tukey depth
HD(z, P ) = inf
u∈Sd−1
P [u′Z ≤ u′z],
that records the most extreme (lower-)outlyingness of u′z with respect to
the distribution of u′Z. The M-depth in (4.1) can be interpreted in the
exact same way but replaces standard quantile outlyingness with M-quantile
outlyingness; see the last paragraph of Section 2. For ρ(t) = t2, Theorem 4.4
states that our expectile depth can be equivalently defined as
(4.2) ED(z, P ) = inf
u∈Sd−1
E[|u′(Z − z)|I[u′(Z − z) ≤ 0]]
E[|u′(Z − z)|] ·
Of course, we could similarly consider the continuum of halfspace M-depths
associated with the Huber loss functions ρc in (2.2). However, since our work
was mainly motivated by expectiles and multiple-output expectile regression,
we will mainly focus on expectile depth in the next sections.
Before doing so, we state three consistency results that can be proved on
the basis of Theorem 4.4. We start with the following uniform consistency
result, that extends to an arbitrary halfspace M-depth the Tukey depth
result from Donoho and Gasko (1992), Section 6.
Theorem 4.5. Fix ρ ∈ C and P ∈ Pρd . Let Pn be the empirical prob-
ability measure associated with a random sample of size n from P . Then,
supz∈Rd |MDρ(z, Pn)−MDρ(z, P )| → 0 almost surely as n→∞.
Jointly with a general result on the consistency of M-estimators (such as
Theorem 2.12 in Kosorok, 2008), this uniform consistency property allows
us to establish consistency of the sample M-deepest point.
Theorem 4.6. Fix ρ ∈ C and P ∈ Pρd . Let Pn be the empirical probability
measure associated with a random sample of size n from P . Let z∗(P ) be the
halfspace M-median of P , that is, the barycenter of {z ∈ Rd : MDρ(z, P ) =
maxy∈RdMDρ(y, P )} and let z∗(Pn) be the halfspace M-median of Pn. Then,
z∗(Pn)→ z∗(P ) almost surely as n→∞.
Finally, we consider consistency of depth regions. This was first discussed
in He and Wang (1997), where the focus was mainly on elliptical distribu-
tions. While results under milder conditions were obtained in Kim (2000)
and Zuo and Serfling (2000b), we will here exploit the general results from
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Dyckerhoff (2016). We need to introduce the following concept: P (∈ Pρd ) is
said to have a connected support if and only if we have P [a < u′Z < b] > 0
whenever min(P [u′Z ≤ a], P [u′Z ≥ b]) > 0 for some u ∈ Sd−1 and a, b ∈ R
with a < b (as usual, Z denotes a random d-vector with distribution P ). We
then have the following result.
Theorem 4.7. Fix ρ ∈ C and assume that P ∈ Pρd has a connected sup-
port and assigns probability zero to all hyperplanes in Rd. Let Pn be the em-
pirical probability measure associated with a random sample of size n from P .
Then, for any compact interval I in (0, α∗), with α∗ := maxz∈RdMDρ(z, P ),
sup
α∈I
dH(R
ρ
α(Pn), R
ρ
α(P ))→ 0
almost surely as n→∞, where dH denotes the Hausdorff distance.
As announced, we now focus on the particular case of expectile depth.
5. Halfspace expectile depth. Below, we derive further properties of
(halfspace) expectile depth that show why this particular M-depth should be
appealing for practitioners. Throughout, we write Pd for the collection Pρd
of probability measures over Rd for which expectile depth is well-defined,
that is, the one associated with ρ(t) = t2. Clearly, Pd collects the probability
measures that (i) do not give P -probability one to any hyperplane of Rd and
that (ii) have finite first-order moments. Note that this moment assumption
is required even for d = 1; as for (i), it only rules out distributions that are
actually over a lower-dimensional Euclidean space.
5.1. Further properties of expectile depth. For the depth MDρ(z, P ), a
direction u0 is said to be minimal if it achieves the infimum in (4.1). For
the halfspace Tukey depth, such a minimal direction does not always exist.
A bivariate example is obtained for z = (1, 0)′ ∈ R2 and P = 12P1 + 12P2,
where P1 is the bivariate standard normal distribution and P2 is the Dirac
distribution at (1, 1)′. In contrast, the continuity, for any P ∈ Pd, of the
function whose infimum is considered over Sd−1 in (4.2) (see Lemma B.10(i))
and the compactness of Sd−1 imply that
(5.1) ED(z, P ) = min
u∈Sd−1
E[|u′(Z − z)|I[u′(Z − z) ≤ 0]]
E[|u′(Z − z)|] ,
so that a minimal direction always exists for expectile depth (in the mixture
example above, u0 = (−1, 0)′ is a minimal direction for ED(z, P )).
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Now, for halfspace Tukey depth, which is an L1-concept, the deepest
point is not always unique and its unique representative, namely the Tukey
median, is a multivariate extension of the univariate median. Also, the depth
of the Tukey median may depend on the underlying probability measure P .
Our expectile depth, that is rather of an L2-nature, is much different.
Theorem 5.1. For any P ∈ Pd, the expectile depth ED(z, P ) is uniquely
maximised at z = µP := E[Z] (where Z is a random d-vector with distribu-
tion P ) and the corresponding maximum depth is ED(µP , P ) = 1/2.
Expectile depth regions therefore always provide nested regions around
the mean vector µP , which should be appealing to practitioners. Since the
maximal expectile depth is 1/2 for any P , a natural affine-invariant test
for H0 : µP = µ0, where µ0 ∈ Rd is fixed, is the one rejecting H0 for large
values of Tn := (1/2) − ED(µ0, Pn), where Pn is the empirical probability
measure associated with the sample Z1, . . . , Zn at hand. Investigating the
properties of this test is beyond the scope of the present work.
We turn to another distinctive aspect of expectile depth. Theorem 4.3(iii)
shows that halfspace M-depth decreases monotonically when one moves away
from a deepest point along any ray. This decrease, however, may fail to
be strict (in the sample case, for instance, the halfspace Tukey depth is
piecewise constant, hence will fail to be strictly decreasing). In contrast,
expectile depth always offers a strict decrease (until, of course, the minimal
depth value zero is reached, if it is). We have the following result.
Theorem 5.2. Fix P ∈ Pd and u ∈ Sd−1. Let ru(P ) = sup{r > 0 :
µP + ru ∈ CP }(∈ (0,+∞]). Then, r 7→ ED(µP + ru, P ) is monotone strictly
decreasing in [0, ru(P )] and ED(µP + ru, P ) = 0 for r ≥ ru(P ).
Our M-depths are upper semicontinuous functions of z; see Section 4.
However, continuity does not hold in general (in particular, the piecewise
constant nature of the halfspace Tukey depth for empirical distributions
rules out continuity in the sample case). Expectile depth is smoother.
Theorem 5.3. Fix P ∈ Pd. Then, (i) z 7→ ED(z, P ) is uniformly con-
tinuous over Rd; (ii) for d = 1, z 7→ ED(z, P ) is left- and right-differentiable
over R; (iii) for d ≥ 2, if P is smooth in a neighbourhood N of z0 (meaning
that for any z ∈ N , any hyperplane containing z has P -probability zero),
then z 7→ ED(z, P ) admits directional derivatives at z0 in all directions.
We illustrate these results on the following univariate examples. It is easy
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to check that if P is the uniform measure over the interval I = [0, 1], then
(5.2)
ED(z, P ) =
min(z2, (1− z)2)
z2 + (1− z)2 I[z ∈ I] and HD(z, P ) = min(z, 1−z)I[z ∈ I],
whereas if P is the uniform over the pair {0, 1}, then
(5.3) ED(z, P ) = min(z, 1− z)I[z ∈ I] and HD(z, P ) = 1
2
I[z ∈ I];
see Figure 2. This illustrates uniform continuity of expectile depth, as well as
left- and right-differentiability. Although both distributions are smooth in a
neighborhood of z0 = 1/2, plain differentiability does not hold at z0, which
results from the non-uniqueness of the corresponding minimal direction; see
Demyanov (2009). For the sake of comparison, the figure also plots the Tukey
depth HD(z, P ) and the zonoid depth ZD(z, P ) from Koshevoy and Mosler
(1997). Comparison with the latter depth is natural as it is also maximized
at µP , hence has an L2-flavor. Both the Tukey and zonoid depths are less
smooth than the expectile one, and in particular, the zonoid depth is not
continuous for the discrete uniform. Also, the zonoid depth region {z ∈ R :
ZD(z, P ) ≥ α} in the left panel is the (L1) interquantile interval [α2 , 1− α2 ],
which is not so natural for a depth of an L2-nature. In contrast, for any P , the
level-α expectile depth region is the interexpectile interval [θρα(P ), θ
ρ
1−α(P )],
with ρ(t) = t2, which reflects, for any α (rather than for the deepest level
only), the L2-nature of expectile depth.
5.2. Some multivariate examples. Consider the case where P (∈ Pd) is
the distribution of Z = AY + µ, where A is an invertible d× d matrix, µ is
a d-vector and Y = (Y1, . . . , Yd)
′ is a spherically symmetric random vector,
meaning that the distribution of OY does not depend on the d×d orthogonal
matrix O. In other words, P is elliptical with mean vector µ and scatter
matrix Σ = AA′. In the standard case where A = Id (the d-dimensional
identity matrix) and µ = 0, Theorem 2.1(iv) provides
ED(z, P ) = min
u∈Sd−1
E[|Y1 − u′z|I[Y1 ≤ u′z]]
E[|Y1 − u′z|]
= −E[(Y1 + ‖z‖)I[Y1 ≤ −‖z‖]]
E[|Y1 + ‖z‖|] =: g(‖z‖),
so that, for arbitrary µ and Σ, affine invariance entails that ED(z, P ) =
g(‖z‖µ,Σ), with ‖z‖2µ,Σ := (z − µ)′Σ−1(z − µ). Expectile depth regions are
thus concentric ellipsoids that, under absolute continuity of P , coincide with
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Fig 2. Plots, as functions of z, of the zonoid depth ZD(z, P ) (blue), of the halfspace
Tukey depth HD(z, P ) (orange) and of the expectile depth ED(z, P ) (green), when P is
the uniform over the interval [0, 1] (left) and the uniform over the pair {0, 1} (right). For
both probability measures, all depth functions take value zero outside [0, 1].
equidensity contours. The function g depends on the distribution of Y : if Y
is d-variate standard normal, then it is easy to check that
g(r) =
1
2
− 1
2{(2/r)φ(r) + 2Φ(r)− 1} ,
where φ and Φ denote the probability density function and cumulative distri-
bution function of the univariate standard normal distribution, respectively.
If Y is uniform over the unit ball Bd := {z ∈ Rd : ‖z‖ ≤ 1} or on the unit
sphere Sd−1, then one can show that
g(r) = ωd(r) :=
(
1
2
−
√
pir(1− r2)−(d+1)/2Γ(d+32 )
2Γ(d+22 )(1 + (d+ 1)r
2
2F1(1,
d+2
2 ;
3
2 ; r
2))
)
I[r ≤ 1]
and g(r) = ωd−2(r), respectively, where Γ is the Euler Gamma function
and 2F1 is the hypergeometric function. From affine invariance, these ex-
pressions agree with those obtained for d = 1 in (5.2) and (5.3), respectively.
Our last example is a non-elliptical one. Consider the probability mea-
sure Pα(∈ Pd) having independent standard (symmetric) α-stable marginals,
with 1 < α ≤ 2. If Z = (Z1, . . . , Zd)′ has distribution Pα, then u′Z is equal
in distribution to ‖u‖αZ1, where we let ‖x‖αα :=
∑d
j=1 |xj |α. Thus, (5.1)
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provides
ED(z, Pα) = min
v∈Sd−1α
E[|Z1 − v′z|I[Z1 ≤ v′z]]
E[|Z1 − v′z|] ,
where Sd−1α := {v ∈ Rd : ‖v‖α = 1} is the unit Lα-sphere. Theorem 2.1(iv)
implies that the minimum is achieved when v′z takes its minimal value−‖z‖β,
where β = α/(α−1) is the conjugate exponent to α; see Lemma A.1 in Chen
and Tyler (2004). Denoting as fα the marginal density of Pα, this yields
ED(z, Pα) = −E[(Z1 + ‖z‖β)I[Z1 ≤ −‖z‖β]]
E[|Z1 + ‖z‖β|] = −
∫ 0
−∞ xfα(x− ‖z‖β) dx∫∞
−∞ |x|fα(x− ‖z‖β) dx
,
which shows that expectile depth regions are concentric Lβ-balls. For α = 2,
these results agree with those obtained in the Gaussian case above.
5.3. An interesting monotonicity property. The sample M-depth regions
Rρα(Pn) can be computed by replacing the intersection in Definition 3.2
with an intersection over finitely many directions u`, ` = 1, . . . , L, with L
large; see Section 3. Some applications, however, do not require computing
depth regions but rather the depth of a given location z only. An important
example is supervised classification through the max-depth approach; see
Ghosh and Chaudhuri (2005) or Li, Cuesta-Albertos and Liu (2012). While
the halfspace M-depth of z can in principle be obtained from the depth
regions (recall that MDρ(z, P ) = sup{α > 0 : z ∈ Rρα(P )}), it will be
much more efficient in such applications to compute MDρ(z, P ) through
the alternative expression in (4.1). Recall that, for the halfspace Tukey and
halfspace expectile depths, this alternative expression reduces to
HD(z, P ) = inf
u∈Sd−1
hz(u) and ED(z, P ) = min
u∈Sd−1
ez(u),
respectively, where we let
(5.4) hz(u) := P [u
′Z ≤ u′z] and ez(u) := E[|u
′(Z − z)|I[u′(Z − z) ≤ 0]]
E[|u′(Z − z)|] ·
There is a vast literature dedicated to the evaluation of halfspace Tukey
depth and it is definitely beyond the scope of the paper to thoroughly dis-
cuss the computational aspects of our expectile depth. Yet we state a mono-
tonicity property that is extremely promising for expectile depth evaluation.
Theorem 5.4. Fix P ∈ Pd and z ∈ Rd such that ED(z, P ) > 0. As-
sume that P [Π \ {z}] = 0 for any hyperplane Π containing z. Fix a great
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Fig 3. (Left:) plots of the Tukey depth outlyingness θ 7→ hz((cos θ, sin θ)′) in (5.4),
with z = (.8, .8)′, for the probability measure P over R2 whose marginals are indepen-
dent exponentials with mean one (solid curve) and for the empirical probability measure
associated with a random sample of size n = 10,000 from P (dashed curve). (Right:) the
corresponding plots of the expectile depth outlyingness θ 7→ ez((cos θ, sin θ)′); see also (5.4).
circle G of Sd−1 and let u0 be an arbitrary minimizer of ez(·) on G. Let ut,
t ∈ [0, pi], be a path on G from u0 to −u0. Then, there exist ta, tb with 0 ≤
ta ≤ tb ≤ pi such that t 7→ ez(ut) is constant over [0, ta], admits a strictly
positive derivative at any t ∈ (ta, tb) (hence is strictly increasing over [ta, tb]),
and is constant over [tb, pi]. Moreover, letting Z be a random d-vector with
distribution P , the minimal direction u0 is such that z belongs to the line
segment with endpoints E[ZI[u′0Z ≤ u′0z]] and E[ZI[u′0Z ≥ u′0z]].
As an example, we consider the probability measure P over R2 whose
marginals are independent exponentials with mean one. Figure 3 draws,
for z = (.8, .8)′, the plot of θ 7→ hz((cos θ, sin θ)′) and θ 7→ ez((cos θ, sin θ)′)
over [0, 2pi]. Clearly, this illustrates the monotonicity property in Theo-
rem 5.4 and shows that monotonicity may fail for Tukey depth. The figure
also plots these functions evaluated on the empirical probability measure Pn
associated with a random sample of size n = 10,000 from P , which shows
that monotonicity extends to the sample case. Obviously, this monotonicity
opens the door to computation of expectile depth through standard opti-
mization algorithms, while the lack of monotonicty for Tukey depth could
lead such algorithms to return local minimizers only.
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6. Multivariate expectile risks. The risk of a collection of financial
assets is typically assessed by aggregating these assets, using their monetary
values, into a combined random univariate portfolio Z. It is then sufficient to
consider univariate risk measures %(Z); see Artzner et al. (1999) and Delbaen
(2002). More and more often, however, the focus is on the more realistic situ-
ation where the risky portfolio is a random d-vector whose components relate
to different security markets. In such a context, liquidity problems and/or
transaction costs between the various security markets typically prevent in-
vestors from aggregating their portfolio into a univariate portfolio (Jouini,
Meddeb and Touzi, 2004). This calls for multivariate risk measures %(Z),
where Z is a random d-vector.
Extensions of the axiomatic foundation for coherent univariate risk mea-
sures to the d-variate framework have been studied in Jouini, Meddeb and
Touzi (2004) and Cascos and Molchanov (2007). Such extensions usually
involve set-valued risk measures, as in the following definition (we restrict
here to bounded random vectors as in Jouini, Meddeb and Touzi, 2004, but
the extension to the general case could be achieved as in Delbaen, 2002).
Definition 6.1. Let L∞d be the set of (essentially) bounded random
d-vectors and Bd be the Borel sigma-algebra on Rd. Then a coherent d-variate
risk measure is a function R : L∞d → Bd satisfying the following properties:
(i) (translation invariance:) R(Z + z) = R(Z) + z for any Z ∈ L∞d and z ∈
Rd; (ii) (positive homogeneity:) R(λZ) = λR(Z) for any Z ∈ L∞d and λ > 0;
(iii) (monotonicity:) if X ≤ Y almost surely in the componentwise sense,
then R(Y ) ⊂ R(X) ⊕ Rd+ and R(X) ⊂ R(Y ) ⊕ Rd−, where ⊕ denotes the
Minkowski sum and where we let Rd± := {x ∈ Rd : ±x1 ≥ 0, . . . ,±xd ≥ 0};
(iv) (subadditivity:) R(X + Y ) ⊂ R(X) ⊕ R(Y ) for any X,Y ∈ L∞d ; (v)
(connectedness/closedness:) R(X) is connected and closed for any X ∈ L∞d .
In the univariate case, such coherent set-valued risk measures can be ob-
tained as R(Z) = [−%(Z),∞), where %(Z) is a real-valued coherent risk mea-
sure in the sense of Artzner et al. (1999) and Delbaen (2002); see Remark 2.2
in Jouini, Meddeb and Touzi (2004). For the most classical risk measure,
namely the Value at Risk, the resulting set is R(Z) = [−VaRα(Z),∞),
where −VaRα(Z) = qα(Z) is the standard α-quantile of Z. The sign con-
vention in VaRα(Z) corresponds to an implicit specification of the positive
direction u = 1, which associates a positive risk measure with the typically
negative profit—that is, loss—qα(Z) obtained for small values of α.
In this univariate setting, M-quantiles have recently received a lot of atten-
tion since the resulting risk measures share the important property of elic-
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itability, which corresponds to the existence of a natural backtesting method-
ology (Gneiting, 2011). In this framework, expectiles play a special role as
they are the only M-quantiles providing coherent risk measures (Bellini et al.,
2014). Actually, expectiles define the only coherent risk measure that is also
elicitable (Ziegel, 2016). In the d-variate case, a natural M-quantile set-
valued risk measure is given by our M-quantile halfspace Hρα,u(Z) in Defini-
tion 3.1 (in this section, Hρα,u(Z), R
ρ
α(Z), . . . respectively stand for H
ρ
α,u(P ),
Rρα(P ), . . . , where P is the distribution of Z). For d = 1, ρ(t) = |t| and the
positive direction u = 1, this M-quantile set-valued risk measure reduces to
the risk measure [−VaRα(Z),∞) above, which, as already mentioned, also
relies on the choice of a positive direction. For d > 1, it is similarly natural
to restrict to “positive” directions u, that is, to u ∈ Sd−1+ := Sd−1 ∩ Rd+.
Now, already for d = 1, the VaR risk measure fails to be subadditive
in general (Acerbi, 2002). It is also often criticized for its insensitivity to
extreme losses, since it depends on the frequency of tail losses but not on
their severity. Denoting as eα(Z) the order-α expectile of Z, the expectile
risk measure R(Z) = [eρα(Z),∞), with α ∈ (0, 12 ], improves over VaR on
both accounts since it is coherent (Bellini et al., 2014) and depends on the
severity of tail losses (Kuan, Yeh and Hsu, 2009). Our expectile d-variate
risk measure, namely the halfspace Hρα,u(Z) based on ρ(t) = t2, extends this
univariate expectile risk measure to the d-variate setup and, quite nicely,
turns out to be coherent for any α ∈ (0, 12 ] and any direction u ∈ Sd−1+ : since
connectedness/closedness holds trivially (Hρα,u(Z) is a closed halfspace) and
since translation invariance and positive homogeneity directly follow from
Theorem 3.1, we focus on monotonicity and subadditivity (see Definition 6.1)
and further cover some other properties from Dyckerhoff and Mosler (2011).
Theorem 6.1. Fix ρ(t) = t2 and let X,Y be random d-vectors with
respective distributions P,Q in Pρd . Then, we have the following properties:
(i) (monotonicity) if X ≤ Y almost surely in a componentwise sense, then
Hρα,u(Y ) ⊂ Hρα,u(X) ⊕ Rd+ and Hρα,u(X) ⊂ Hρα,u(Y ) ⊕ Rd− for any α ∈
(0, 1) and u ∈ Sd−1+ ; (ii) (subadditivity) for any α ∈ (0, 12 ] and u ∈ Sd−1,
Hρα,u(X+Y ) ⊂ Hρα,u(X)⊕Hρα,u(Y ); (iii) (superadditivity) for any α ∈ [12 , 1)
and u ∈ Sd−1, Hρα,u(X) ⊕ Hρα,u(Y ) ⊂ Hρα,u(X + Y ); (iv) (nestedness:) for
any u ∈ Sd−1, α 7→ Hρα,u(X) is non-increasing with respect to inclusion.
In order to illustrate these d-variate M-quantile risk measures, we briefly
consider the daily returns on Intel Corp. and Adobe Systems Inc. shares in
May–June 2008. We chose the institutions, frequency of data and time hori-
zon exactly as in Dyckerhoff and Mosler (2011). The data, kindly sent to
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us by Prof. Rainer Dyckerhoff, were taken from the historical stock market
database at the Center for Research in Security Prices (CRSP), University
of Chicago. Figure 4 shows the resulting n = 42 bivariate observations along
with some of the corresponding expectile risk measures Hρα,u(Pn) (more pre-
cisely, the figure only displays their boundary hyperplanes) and some ex-
pectile depth regions Rρα(Pn). We also provide there a few halfspace Tukey
depth regions and zonoid depth regions. For d = 1, the latter are related to
expected shorftall, hence are also connected to risk measures. However, while
zonoid regions formally are coherent risk measures (Cascos and Molchanov,
2007; Dyckerhoff and Mosler, 2011), these regions, like their quantile and ex-
pectile counterparts, can hardly be interpreted in terms of riskiness as such
centrality regions not only trim joint returns with extreme losses but also
those with extreme profits (accordingly, a univariate zonoid depth region is
not an interval of the form [−%(Z),∞) but rather a compact interval). In
contrast, our M-quantile risk measures Hρα,u(Pn), u ∈ Sd−1+ , protect against
adverse joint returns only. They also offer an intuitive interpretation for the
multivariate risk in the sense that the required capital reserve should cover
any loss associated with joint returns inside Hρα,u(Pn), that is, above the
hyperplane piρα,u(Pn). For these risks, the choice of a suitable security level α
and direction u ∈ Sd−1+ is a decision that should be made by risk managers
and regulators. Other d-variate set-valued risk measures that trim unfavor-
able returns only yet do not require the choice of a direction u, are the upper
envelopes ∩u∈Sd−1+ H
ρ
α,u(Pn) of our directional M-quantile risk measures.
7. Multiple-output expectile regression. We now consider the mul-
tiple-output regression framework involving a d-vector Y of responses and
a p-vector X of (random) covariates. For any possible value x of X, denote
as Px the conditional distribution of Y given X = x. Our interest then lies
in the conditional M-quantile halfspaces and regions
Hρα,u,x = H
ρ
α,u(Px) and R
ρ
α,x = R
ρ
α(Px),
with α ∈ (0, 1) and u ∈ Sd−1. If a random sample (X1, Y1), . . . , (Xn, Yn) is
available, then one may consider the estimates
(7.1) Hˆρ(n)α,u,x :=
{
y ∈ Rd : u′y ≥ θρ(n)α,u,x
}
and Rˆρ(n)α,x := ∩u∈Sd−1Hˆρ(n)α,u,x,
where θ
ρ(n)
α,u,x is the estimate of θ
ρ
α,u(P u
′Y |[X=x]) obtained from a single-
output, linear or nonparametric, regression using the responses u′Y1, . . . , u′Yn
and covariates X1, . . . , Xn (in the examples below, that focus on d = 2, the
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Fig 4. (Top left:) boundary hyperplanes of the expectile halfspaces Hρα,u(Pn), for α = .02
and u = (cos `pi
8
, sin `pi
8
)′ with ` = 0, 1, 2, 3, 4, along with the expectile depth regions Rρα(Pn)
associated with α = .0001, .01, .02, .06, . . . , .38, .42; as in section 3, each such region was
computed from L = 500 equispaced directions u ∈ S1. (Top right): the boundary hyper-
planes of the 500 expectile halfspaces that led to the construction of Rρα(Pn) with α = .02;
hyperplanes associated with (positive) directions u ∈ S1+ are drawn in red. (Bottom left):
halfspace Tukey depth regions of order α = .02, .06, . . . , .38, .42. (Bottom right:) zonoid
depth regions of order α = .01, .1, .2, . . . , .8, .9.
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intersection in (7.1) was replaced with an intersection over L = 200 equis-
paced directions in S1). For expectiles, single-output linear and nonparamet-
ric regression can respectively be performed via the functions expectreg.ls
and expectreg.boost from the R package expectreg (nonparametric regres-
sion here is thus based on the expectile boosting approach from Sobotka
and Kneib, 2012). Multiple-output quantile regression can be achieved in
the same way, by performing single-output linear quantile regression (via
the function rq in the R package quantreg) or single-output nonparametric
quantile regression (via, e.g., the function cobs in the R package cobs, which
relies on the popular quantile smoothing spline approach). Whenever we use
expectreg.boost and cobs below, it is with the corresponding default au-
tomatic selection of smoothing parameters.
7.1. Simulated data illustration. To illustrate these multiple-output re-
gression methods on simulated data, we generated a random sample of
size n = 300 from the heteroscedastic linear regression model
(7.2)
(
Y1
Y2
)
= 4
(
X
X
)
+
√
X
3
(
ε1
ε2
)
,
where the covariate X is uniform over [0, 1], ε1 + 1, ε2 + 1 are exponential
with mean one, and X, ε1, ε2 are mutually independent. For several orders α
and several values of x, we evaluated the conditional quantile and expectile
regions Rˆ
ρ(n)
α,x , in each case both from the corresponding linear and non-
parametric regression methods above. The resulting contours are provided
in Figure 5. Both expectile and quantile methods capture the trend and
heteroscedasticity. Unlike quantiles, however, expectiles provide linear and
nonparametric regression fits that are very similar (which is desirable, since
the underlying model is a linear one). Expectile contours are also smoother
than the quantile ones. Inner expectile contours, that do not have the same
location as their quantile counterparts, are easier to interpret since they
relate to conditional means of the marginal responses (inner quantile con-
tours refer to the Tukey median, which is not directly related to marginal
medians). Finally, it should be noted that, unlike expectile contours, sev-
eral quantile contours associated with a common value of x do unpleasantly
cross, which is incompatible with what occurs at the population level.
7.2. Real data illustration. We now conduct multiple-output expectile
regression to investigate risk factors for early childhood malnutrition in In-
dia. Prior studies typically focused on children’s height as an indicator of
nutritional status (Koenker, 2011; Fenske, Kneib and Hothorn, 2011). Given
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Fig 5. (Top:) conditional expectile contours ∂Rˆ
ρ(n)
α,x , for α ∈ {.01, .03, .05, .10, .15, . . . , .40}
and for values of x that are the 10% (yellow), 30% (brown), 50% (orange), 70% (light
green) and 90% (dark green) empirical quantiles of X1, . . . , Xn, obtained by applying a
linear regression method (left) or a nonparametric regression method (right) to a random
sample of size n = 300 from the linear regression model in (7.2). (Bottom:) conditional
quantile contours associated with the same values of α (but .01) and the same values of x.
Again, both linear regression (left) and nonparametric regression (right) are considered;
see Section 7.1 for details. Bivariate responses (Yi1, Yi2), i = 1, . . . , n, are shown in black.
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that the prevalence of underweighted children in India is among the highest
worldwide, we consider here determinants of children’s weight (Y1; in kilo-
grams) and height (Y2; in centimeters) simultaneously. We use a selected
sample of 37,623 observations, coming from the 2005/2006 Demographic
and Health Survey (DHS) conducted in India for children under five years
of age. Since a thorough case study is beyond the scope of this paper, we
restrict to assessing the separate effects of the following covariates on the
response Y = (Y1, Y2)
′: (a) the child’s age (in months), (b) the duration of
breastfeeding (in months), and (c) the mother’s Body Mass Index (defined
as BMI := weight/height2, in kilograms/meters2). Koenker (2011) investi-
gated the additive effects of these covariates on low levels of the single re-
sponse height through a quantile regression with small α; see Fenske, Kneib
and Hothorn (2011) for a similar quantile regression analysis of this dataset.
For each of the three covariates, Figure 6 plots both linear and non-
parametric conditional expectile contours associated with the extreme lev-
els α ∈ {.005, .01} and several covariate values x. Like for the simulated ex-
ample, these contours are smooth and nested. For each covariate, we could
comment on trend and heteroscedasticity; for instance, age provides, as ex-
pected, a monotone increase in both trend and variability. We could also
compare the linear and nonparametric fits to identify nonlinear effects; in
particular, this reveals that the effect of age is linear only after the first age
quartile, that is, after 16 months. Regarding the specific impact of covariates
on the joint distribution of the responses, it is seen, e.g., that the first princi-
pal direction of the bivariate response distribution becomes more and more
horizontal as children get older. There does not seem to be a strong trend
nor heteroscedasticity for the BMI covariate. But it is seen that mothers
with a BMI above median may lead to overweigthed tall children, but not
to overweighted short ones; at such BMI levels, both green expectile con-
tours indeed show an asymmetry to obesity in the upper-right direction, but
not in the lower-left one (this is arguably not related to malnutrition, but
it is still pointing to some risk factor). Similar comments could be given for
the breastfeeding covariate. Finally, while we do not show here the quantile
results (they are available from the authors on simple request), we mention
that the corresponding quantile contours are more elliptical than the expec-
tile ones, hence, e.g., do not reveal subtle risks such as the one related to
overweight of tall children from mothers with a large BMI.
8. Final comments and perspectives for future research. As
shown in Section 7, we introduced in this paper a methodology that al-
lows practitioners to easily conduct multiple-output M-quantile regression.
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Fig 6. (Top:) conditional expectile contours ∂Rˆ
ρ(n)
α,x for the joint children’s weights (Y1)
and heights (Y2) conditional on their age, for α ∈ {.005, .01} and for values of x that are
the 5% (yellow), 25% (brown), 50% (orange), 75% (light green) and 95% (dark green)
empirical quantiles of the covariate, obtained from a linear regression method (left) or
from a nonparametric regression method (right). (Middle:) results when the covariate is
the duration of breastfeeding. (Bottom:) results when the covariate is the mother’s BMI;
see Section 7.2 for details. Bivariate responses (Yi1, Yi2), i = 1, . . . , n, are shown in gray.
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The expectile case is of particular interest due to its relation with classical
mean regression and to its advantages over quantile regression: multiple-
output expectile regression provides smoother and more flexible contours,
that are easier to interpret and do not show crossings. This expectile regres-
sion method has potential applications in, e.g., financial risk management,
econometrics, or any field where extreme values and tail information are rel-
evant. Our construction led to introduce new statistical depths, namely the
halfspace M-depths, and new multivariate, affine-equivariant, M-quantiles.
Recently, Carlier, Chernozhukov and Galichon (2016) and ? defined multi-
variate quantiles that are equivariant under large groups of diffeomorphic
transformations, collecting gradients of convex functions, which extends to
the multivariate setup the equivariance of quantiles under monotone increas-
ing transformations of the real line. It should be noted that other univariate
M-quantiles are not equivariant under monotone increasing transformations,
so that the fact that our multivariate M-quantiles are equivariant under
affine transformations but not under such diffeomorphic transformations is
a limitation for standard quantiles only, hence not for expectiles nor for
other M-quantiles.
Perspectives for future research are rich and diverse. On the inferential
side, it would be natural to study how the properties of the M-location
functional z∗(P ) (see Theorem 4.6) depend on the loss function ρ. Also, the
corresponding estimators z∗(Pn) include the sample average (for ρ(t) = t2)
and the Tukey median (for ρ(t) = |t|) as particular cases, which leads to
investigating whether or not a nice trade-off between efficiency and robust-
ness can be achieved by choosing a suitable Huber loss function ρc(t) in (2.2)
or, in case affine equivariance of z∗(Pn) is a requirement, a suitable power
loss function ρ(t) = |t|r. As for hypothesis testing, we suggested in Sec-
tion 5.1 an affine-invariant location test based on expectile depth. It would
be desirable to investigate the asymptotic null and non-null properties of
this test. Further questions of interest are: does the monotonicity property
in Theorem 5.4 hold in the sample case (with plain differentiability replaced
by left- and right-differentiability)? Extensive numerical exercises lead us to
conjecture that the answer is positive. We closed Section 6 by suggesting
alternative set-valued risk-measures that do not require choosing a specific
direction u yet have the topology of natural risk measures (unlike centrality
regions); are these alternative risk measures coherent in the sense of Defi-
nition 6.1? Finally, is it possible to define an expectile—or, more generally,
an M-quantile—concept of scatter depth that would extend the concept of
halfspace (Tukey) scatter depth considered in Paindaveine and Van Bever
(2018) and ?? The same question holds for the shape depth concept recently
FROM M-DEPTH TO MULTIPLE-OUTPUT EXPECTILE REGRESSION 29
introduced in ?, that also relies on the halfspace Tukey depth.
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APPENDIX A: COMPETING M-QUANTILE CONCEPTS
In this first appendix, we define some of the main concepts of multivariate
M-quantiles and multivariate expectiles available in the literature, with a
particular emphasis on the concepts we used above for comparison with the
proposed multivariate M-quantiles and multivariate expectiles.
Before proceeding, it is needed to introduce an alternative parametriza-
tion of the univariate M-quantiles θρα = θ
ρ
α(P ) from Section 2; the depen-
dence on P will play no role in this section, hence will be dropped in the
notation. This alternative parametrization is θρτ,u := θ
ρ
(1−τu)/2 and indexes
univariate M-quantiles by an order τ ∈ [0, 1) and a direction u ∈ {−1, 1},
or equivalently by an order τu that belongs to the open unit “ball” (−1, 1)
of R. In this directional parametrization, the most central M-quantile cor-
responds to τ = 0 and the most extreme ones are obtained as τ → 1.
In the d-dimensional case (d ≥ 2), where there are no left nor right, it is
natural to similarly index M-quantiles by an order τ ∈ [0, 1) and a direc-
tion u ∈ Sd−1, or equivalently by a vectorial order τu belonging to the open
unit ball {z ∈ Rd : ‖z‖ < 1} of Rd, with the same idea that τ = 0 will yield
the most central M-quantile and that τu with τ → 1 will provide extreme
M-quantiles in direction u. It is then standard (see the references below)
to consider contours generated by M-quantiles of a fixed order τ . As in the
body of the paper, these contours are the boundaries of “centrality regions”
that provide a center-outward ordering of points in Rd. There are alterna-
tive directional parametrizations for M-quantiles; typically, these involve an
order α ∈ (0, 1) and a direction u ∈ Sd−1, and are such that the M-quantile
of order α in direction u is equal to the M-quantile of order 1 − α in di-
rection −u. For such a parametrization, central M-quantiles are associated
with α = 1/2, whereas extreme ones are obtained as α→ 0 and α→ 1 (this
is the parametrization of multivariate M-quantiles that was used in the pa-
per). In the rest of this section, we discriminate between these two types of
parametrization by using the notation τ and α in a consistent way.
These general considerations allow us to review some of the main concepts
of multivariate M-quantiles and expectiles. The first concept of multivariate
M-quantiles can be found in Breckling and Chambers (1988). There, for
any α ∈ (0, 12 ], the order-α M-quantile of P in direction u is defined as the
“geometric” quantity
θρ,geomα,u := arg min
θ∈Rd
E
[{
1− (1− 2α)u
′(Z − θ)
‖Z − θ‖
}
ρ(‖Z − θ‖)
]
(throughout this appendix, Z is a random d-vector with distribution P ),
whereas the definition for α ∈ (12 , 1) results from the identity θρ,geomα,u =
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θρ,geom1−α,−u. In the univariate case, θ
ρ,geom
α,1 reduces to the M-quantile θ
ρ
α in (2.1).
The term “geometric” above is justified by the fact that, for ρ(t) = |t|
and ρ(t) = t2, these M-quantiles reduce to the geometric quantiles
(A.1) qgeomα,u := arg min
θ∈Rd
E
[‖Z − θ‖ − (1− 2α)u′(Z − θ)]
and geometric expectiles
(A.2) egeomα,u := arg min
θ∈Rd
E
[‖Z − θ‖{‖Z − θ‖ − (1− 2α)u′(Z − θ)}]
from Chaudhuri (1996) and Herrmann, Hofert and Mailhot (2018), respec-
tively; these papers, that actually rather rely on the (τ, u)-directional parame-
trization, would refer to (A.1)/(A.2) as quantiles/expectiles of order τ =
1− 2α in direction −u.
As we mentioned in the paper, geometric M-quantiles may extend far
outside the support of the distribution as α→ 0. To improve on this, Breck-
ling, Kokic and Lu¨bke (2001) and Kokic, Breckling and Lu¨bke (2002) in-
troduced alternative concepts of multivariate M-quantiles, actually only for
Huber loss functions. To define these quantiles, we need to introduce the
following notation: let S(t) := I[t > 0] − I[t < 0] be the sign function
and ψc(t) := (t/c)I[‖t‖ < c] + (t/‖t‖)I[‖t‖ ≥ c] be a d-variate extension
of Huber’s ψ-function. Write also hα(t) := (1 − α)I[t < 0] + (1/2)I[t =
0] + αI[t > 0]. Then, for c, δ > 0, the Kokic, Breckling and Lu¨bke (2002)
order-α M-quantile θδ,cα,u of P in direction u is the solution θ(∈ Rd) of
(A.3)
E
[{
(1−2α)S(u′(Z−θ))
(
1−|u
′(Z − θ)|
‖Z − θ‖
)δ
+2hα(u
′(Z−θ))
}
ψc(Z−θ)
]
= 0.
In the univariate case, ψc is the derivative of the Huber loss function ρc
in (2.2), which allows showing that, for u = 1 and any δ > 0, (A.3) re-
duces to the first-order condition Gρc(θ) = α; see the last paragraph of
Section 2. Consequently, θδ,cα,1, for any δ > 0, reduces to the univariate
M-quantile θρcα from (2.3), so that θ
δ,c
α,u may indeed be considered as a multi-
variate M-quantile. The multivariate M-quantiles from Breckling, Kokic and
Lu¨bke (2001) correspond to the particular case obtained for δ = 1. For both
the M-quantiles from Breckling, Kokic and Lu¨bke (2001) and Kokic, Breck-
ling and Lu¨bke (2002), the parameter c > 0, as it was the case for univariate
M-quantiles, allows going continuously from quantiles to expectiles, that are
obtained as c→ 0 and c→∞, respectively.
As explained in the main body of the paper, an important drawback of
the aforementioned multivariate M-quantiles (and of other multivariate M-
quantiles, such as those from Koltchinski, 1997) is their weak equivariance
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properties. More precisely, these M-quantiles are equivariant under orthog-
onal transformations, but they fail to be equivariant under general affine
transformations. Actually, other recent proposals enjoy even weaker equiv-
ariance properties; for instance, the multivariate expectiles from Maume-
Deschamps, Rullie`re and Said (2017a,b) are not equivariant under orthogo-
nal transformations.
APPENDIX B: PROOFS
This second appendix presents the proofs of all results stated in the pa-
per. The proofs will make use of the following comments related to any loss
function ρ ∈ C. Since ρ is convex on R, it is continuous and it admits a
left-derivative function ψ− and right-derivative function ψ+ that are both
monotone non-decreasing and satisfy ψ−(z) ≤ ψ+(z) at any z; see Theo-
rem 1.3.3 in Niculescu and Persson (2006). The functions ψ− and ψ+ are
left- and right-continuous, respectively, and both have an at most count-
able number of discontinuity points; see pages 6-7 in Roberts and Varberg
(1973). Since ρ has a global minimum at 0, we have ψ±(z) ≤ 0 for z < 0,
ψ−(0) ≤ 0 ≤ ψ+(0), and ψ±(z) ≥ 0 for z > 0.
We will need the following mean-value theorem for one-sided derivatives;
see, e.g., Leise and Cohen (2007).
Lemma B.1. Let f : [a, b] → R be a continuous function. (i) Assume
that f is left-differentiable on (a, b), with left-derivative f ′−. Then,
f ′−(c1) ≤
f(b)− f(a)
b− a ≤ f
′
−(c2)
for some c1, c2 ∈ (a, b). (ii) Assume that f is right-differentiable on (a, b),
with right-derivative f ′+. Then,
f ′+(c1) ≤
f(b)− f(a)
b− a ≤ f
′
+(c2)
for some c1, c2 ∈ (a, b).
This result implies in particular that ψ−(z) may be zero at z = 0 only.
By contradiction, assume that there exists z0 6= 0 with ψ−(z0) = 0. Mono-
tonicity of ψ− then implies that ψ−(z) = 0 for any z strictly between 0
and z0, which, from Lemma B.1, entails that ρ(z0) = 0, a contradiction
since ρ(z) = 0 at z = 0 only. Of course, one shows similarly that ψ+(z) may
be zero at z = 0 only.
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Lemma B.2. Fix ρ ∈ C and P ∈ Pρ. Then, for any θ0, a, b ∈ R with a < b,
lim
θ
>→θ0
∫ ∞
−∞
ψ−(z − θ)I[θ + a < z < θ + b] dP (z)
=
∫ ∞
−∞
ψ−(z − θ0)I[θ0 + a < z ≤ θ0 + b] dP (z)
and
lim
θ
<→θ0
∫ ∞
−∞
ψ−(z − θ)I[θ + a < z < θ + b] dP (z)
=
∫ ∞
−∞
ψ−(z − θ0 + 0)I[θ0 + a ≤ z < θ0 + b] dP (z),
where ψ−(z−θ0 +0) denotes the limit of ψ−(t) as t converges to z−θ0 from
above.
Proof of Lemma B.2. For any h ∈ (0, 1], let r(h, z) := ψ−(z−θ0−h)I[θ0+
h + a < z < θ0 + h + b] − ψ−(z − θ0)I[θ0 + a < z ≤ θ0 + b]. Note that, for
any z, r(h, z)→ 0 as h converges to zero from above. Since
|r(h, z)| ≤ 2 max(|ψ−(a)|, |ψ−(b)|)
for any h ∈ (0, 1], the Lebesgue Dominated Convergence Theorem thus
implies that
∫∞
−∞ |r(h, z)| dP (z) → 0 as h converges to zero from above,
which establishes the first statement of the lemma. The second statement
follows similarly by using the fact that `(h, z) := ψ−(z−θ0−h)I[θ0 +h+a <
z < θ0 + h+ b]−ψ−(z − θ0 + 0)I[θ0 + a ≤ z < θ0 + b]→ 0 as h converges to
zero from below. 
We can now prove Theorem 2.1.
Proof of Theorem 2.1. (i) We first show that O(θ) is well-defined for
any θ ∈ R. To do so, note that θ 7→ ρα(z − θ) is continuous and right-
differentiable with right-derivative ((1 − α)I[z ≤ θ] + αI[z > θ])ψ−(z − θ),
so that Lemma B.1 shows that there exists λ ∈ (0, 1) such that∣∣ρα(z − θ)− ρα(z)∣∣ ≤ |θ|max(α, 1− α)|ψ−(z − λθ)|
≤ |θ|max(α, 1− α)|ψ−(−|z| − |θ|)|,
where we used the fact that, for any a > 0, the upper bound of |ψ−(z)|
on [−a, a] is |ψ−(−a)|. Since P ∈ Pρ, this entails that z 7→
∣∣ρα(z−θ)−ρα(z)∣∣
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is P -integrable for any θ, so that the mapping θ 7→ O(θ) is indeed well-
defined for any θ.
We turn to right-differentiability of θ 7→ O(θ) and show that
Oρ′+(θ) = (1− α)
∫ ∞
−∞
|ψ−(z − θ)|I[z ≤ θ] dP (z)
−α
∫ ∞
−∞
|ψ−(z − θ)|I[z > θ] dP (z).
To do so, fix θ0 ∈ R, h ∈ (0, 1], and write
O(θ0 + h)−O(θ0)
h
−Oρ′+(θ0)
=
∫ ∞
−∞
{
ρα(z − θ0 − h)− ρα(z − θ0)
h
−Oρ′+(θ0)
}
dP (z)
= (1− α)
∫ ∞
−∞
Lθ0(h, z) dP (z) + α
∫ ∞
−∞
Rθ0(h, z) dP (z),(B.1)
where we let
Lθ0(h, z) :=
ρ(z − θ0 − h)I[z < θ0 + h]− ρ(z − θ0)I[z < θ0]
h
−|ψ−(z − θ0)|I[z ≤ θ0]
and
Rθ0(h, z) :=
ρ(z − θ0 − h)I[z ≥ θ0 + h]− ρ(z − θ0)I[z ≥ θ0]
h
+|ψ−(z − θ0)|I[z > θ0].
For any z, θ 7→ ρ(z − θ)I[z < θ] is right-differentiable at θ0, with right-
derivative ψ+(θ0−z)I[z ≤ θ0] = −ψ−(z−θ0)I[z ≤ θ0] = |ψ−(z−θ0)|I[z ≤ θ0],
so that, for any z, we have that Lθ0(h, z) → 0 as h converges to zero from
above. Lemma B.1 then shows that, for any h ∈ (0, 1], there exists λ ∈ (0, 1)
such that
|Lθ0(h, z)| ≤ |ψ−(z − θ0 − λh)|I[z ≤ θ0 + λh] + |ψ−(z − θ0)|I[z ≤ θ0]
≤ |ψ−(z − θ0 − 1)|+ |ψ−(z − θ0)|,
where this upper-bound, which does not depend on h, is a P -integrable
function of z. Therefore, Lebesgue’s DCT entails that
∫∞
−∞ Lθ0(h, z) dP (z)→
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0 as h converges to zero from above. Using the fact that, for any z, θ 7→
ρ(z − θ)I[z ≥ θ] is right-differentiable at θ0, with right-derivative ψ+(θ0 −
z)I[z > θ0] = −ψ−(z − θ0)I[z > θ0] = −|ψ−(z − θ0)|I[z > θ0], one can
similarly show that
∫∞
−∞Rθ0(h, z) dP (z) → 0 as h converges to zero from
above. From (B.1), this establishes that θ 7→ O(θ) is right-differentiable,
with right-derivative
Oρ′+(θ) = (1− α)
∫ ∞
−∞
|ψ−(z − θ)|I[z ≤ θ] dP (z)
−α
∫ ∞
−∞
|ψ−(z − θ)|I[z > θ] dP (z).
Proceeding in the same way, one can show that θ 7→ O(θ) is left-differentiable,
with left-derivative
Oρ′−(θ) = (1− α)
∫ ∞
−∞
|ψ+(z − θ)|I[z < θ] dP (z)
−α
∫ ∞
−∞
|ψ+(z − θ)|I[z ≥ θ] dP (z).
(ii) The expressions of Oρ′+(θ) and O
ρ′
−(θ) above provide
Oρ′+(θ)−Oρ′−(θ) = {(1− α)|ψ−(0)|+ α|ψ+(0)|}P [{θ}]
+(1− α)
∫ ∞
−∞
{|ψ−(z − θ)| − |ψ+(z − θ)|}I[z < θ] dP (z)
+α
∫ ∞
−∞
{|ψ+(z − θ)| − |ψ−(z − θ)|}I[z > θ] dP (z).
Since ψ−(t) ≤ ψ+(t) ≤ 0 for any t < 0 and ψ+(t) ≥ ψ−(t) ≥ 0 for any t > 0,
we conclude that Oρ′+(θ)−Oρ′−(θ) ≥ 0.
(iii) As we showed below Lemma B.1, ψ−(z) may take value zero at z = 0
only. This and the assumption that P [{θ}] < 1 for any θ ∈ R ensure that∫ ∞
−∞
|ψ−(z − θ)| dP (z) ≥
∫ ∞
−∞
|ψ−(z − θ)|I[z 6= θ] dP (z) > 0.
Therefore, we may rewrite
Oρ′+(θ) =
∫ ∞
−∞
|ψ−(z − θ)|I[z ≤ θ] dP (z)− α
∫ ∞
−∞
|ψ−(z − θ)| dP (z)
= (Gρ(θ)− α)
∫ ∞
−∞
|ψ−(z − θ)| dP (z),
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where Gρ(θ) was defined in the statement of the theorem. It trivially follows
that Oρ′+(θ) and Gρ(θ)− α have the same sign.
(iv) Write
Gρ(θ) =
− ∫∞−∞ ψ−(z − θ)I[z ≤ θ] dP (z)
− ∫∞−∞ ψ−(z − θ)I[z ≤ θ] dP (z) + ∫∞−∞ ψ−(z − θ)I[z > θ] dP (z)
=
Hρ2 (θ)− ψ−(0)P [Z ≤ θ]
Hρ2 (θ) +H
ρ
1 (θ)− ψ−(0)
=
Hρ2 (θ) + δF (θ)
Hρ1 (θ) +H
ρ
2 (θ) + δ
,(B.2)
where we let δ := −ψ−(0), F (z) := P [Z ≤ z],
Hρ1 (θ) :=
∫ ∞
−∞
{ψ−(z − θ) + ψ−(0)}I[z > θ] dP (z),
and
Hρ2 (θ) :=
∫ ∞
−∞
{ψ−(0)− ψ−(z − θ)}I[z ≤ θ] dP (z).
Note that δ ≥ 0 and that Hρ1 (θ) and Hρ2 (θ) are non-negative for any θ.
Fix then θb > θa. Since ψ− is monotone non-decreasing, we have {ψ−(z−
θb) +ψ−(0)}I[z > θb]−{ψ−(z− θa) +ψ−(0)}I[z > θa] ≤ 0, so that Hρ1 (θb) ≤
Hρ1 (θa). Similarly, the monotonicity of ψ− implies that {ψ−(0) − ψ−(z −
θb)}I[z ≤ θb]−{ψ−(0)−ψ−(z− θa)}I[z ≤ θa] ≥ 0, so that Hρ2 (θb) ≥ Hρ2 (θa).
Therefore, Hρ1 and H
ρ
2 are monotone non-increasing and non-decreasing,
respectively. Since direct computations allow to check that
{δ +Hρ1 (θa) +Hρ2 (θa)}{δ +Hρ1 (θb) +Hρ2 (θb)}{Gρ(θb)−Gρ(θa)}
= {δ(1− F (θa)) +Hρ1 (θa)}{Hρ2 (θb)−Hρ2 (θa)}
−{δF (θa) +Hρ2 (θa)}{Hρ1 (θb)−Hρ1 (θa)}(B.3)
+δ{δ +Hρ1 (θa) +Hρ2 (θa)}{F (θb)− F (θa)},
we conclude that Gρ is monotone non-decreasing.
Since ψ− is monotone non-decreasing, the Monotone Convergence Theo-
rem implies that limθ→−∞H
ρ
2 (θ) = 0 and limθ→∞H
ρ
1 (θ) = 0. Since H
ρ
1 is a
monotone non-increasing function of θ, Hρ1 (θ) will stay from zero for large
negative values of θ, which implies that
lim
θ→−∞
Gρ(θ) = lim
θ→−∞
Hρ2 (θ) + δF (θ)
Hρ1 (θ) +H
ρ
2 (θ) + δ
= 0.
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Similarly, since Hρ2 is a monotone non-decreasing function of θ, H
ρ
2 (θ) will
stay from zero for large positive values of θ, so that
lim
θ→∞
(1−Gρ(θ)) = lim
θ→∞
Hρ1 (θ) + δ(1− F (θ))
Hρ1 (θ) +H
ρ
2 (θ) + δ
= 0.
It remains to prove that Gρ is right-continuous. Since the cumulative
distribution function F is right-continuous, it is sufficient to show that Hρ1
andHρ2 also are. To do so, fix an arbitrary monotone increasing sequence (c`),
` = 1, 2, . . ., of positive real numbers such that the set {c0 := 0,±c`, ` =
1, 2, . . .} contains all discontinuity points of ψ− (recall that ψ− has an at
most countable number of discontinuity points). We can write
Hρ1 (θ) =
∫ ∞
−∞
ψ−(z − θ)I[z > θ] dP (z) + ψ−(0)P [Z > θ]
=
∞∑
`=0
∫ ∞
−∞
ψ−(z − θ)I[θ + c` < z < θ + c`+1] dP (z)
+
∞∑
`=1
ψ−(c`)P [{θ + c`}] + ψ−(0)P [Z > θ](B.4)
and
Hρ2 (θ) = −
∫ ∞
−∞
ψ−(z − θ)I[z ≤ θ] dP (z) + ψ−(0)P [Z ≤ θ]
= −
∞∑
`=0
∫ ∞
−∞
ψ−(z − θ)I[θ − c`+1 < z < θ − c`] dP (z)
−
∞∑
`=0
ψ−(−c`)P [{θ − c`}] + ψ−(0)P [Z ≤ θ].(B.5)
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Lemma B.2 then provides
lim
θ
>→θ0
Hρ1 (θ) =
∞∑
`=0
∫ ∞
−∞
ψ−(z − θ0)I[θ0 + c` < z ≤ θ0 + c`+1] dP (z)
+ψ−(0)P [Z > θ0]
=
∞∑
`=0
∫ ∞
−∞
ψ−(z − θ0)I[θ0 + c` < z < θ0 + c`+1] dP (z)
+
∞∑
`=0
ψ−(c`+1)P [{θ0 + c`+1}] + ψ−(0)P [Z > θ0]
= Hρ1 (θ0)
and
lim
θ
>→θ0
Hρ2 (θ) = −
∞∑
`=0
∫ ∞
−∞
ψ−(z − θ0)I[θ0 − c`+1 < z ≤ θ0 − c`] dP (z)
+ψ−(0)P [Z ≤ θ0]
= −
∞∑
`=0
∫ ∞
−∞
ψ−(z − θ0)I[θ0 − c`+1 < z < θ0 − c`] dP (z)
−
∞∑
`=0
ψ−(c`)P [{θ0 − c`}] + ψ−(0)P [Z ≤ θ0]
= Hρ2 (θ0),
which confirms that Hρ1 and H
ρ
2 are right-continuous functions.
(v) Right-continuity of Gρ entails that Gρ(θρα(P )) ≥ α. Hence, monotonic-
ity of Gρ provides Gρ(θ) ≥ α for any θ ≥ θρα(P ), which implies that Oρ′+(θ) ≥
0 for any θ ≥ θρα(P ). Lemma B.1 therefore entails that Oρ(θ) ≥ Oρ(θρα(P ))
for any θ ≥ θρα(P ). Now, the definition of θρα(P ) ensures that Gρ(θ) < α for
any θ < θρα(P ), which implies that O
ρ′
+(θ) < 0 for any such θ. Lemma B.1
therefore also yields that Oρ(θ) > Oρ(θρα(P )) for any θ < θ
ρ
α(P ), which
establishes the result.
(vi) In Part (iv) of the result, we showed that
Gρ(θ) =
Hρ2 (θ) + δF (θ)
Hρ1 (θ) +H
ρ
2 (θ) + δ
FROM M-DEPTH TO MULTIPLE-OUTPUT EXPECTILE REGRESSION 41
is right-continuous. Assume now that ψ− is continuous over R or that P is
non-atomic. Then θ 7→ δF (θ) is left-continuous (note that if ψ− is continuous
at zero, then δ = 0). Now, applying Lemma B.2 to (B.4) yields
lim
θ
<→θ0
Hρ1 (θ0) =
∞∑
`=0
∫ ∞
−∞
ψ−(z − θ0 + 0)I[θ0 + c` ≤ z < θ0 + c`+1] dP (z)
+ψ−(0)P [Z ≥ θ0]
=
∞∑
`=0
∫ ∞
−∞
ψ−(z − θ0)I[θ0 + c` < z < θ0 + c`+1] dP (z)
+
∞∑
`=0
ψ−(c` + 0)P [{θ0 + c`}] + ψ−(0)P [Z ≥ θ0],
which provides
lim
θ
<→θ0
Hρ1 (θ0) =
∞∑
`=0
∫ ∞
−∞
ψ−(z − θ0)I[θ0 + c` < z < θ0 + c`+1] dP (z)
+
∞∑
`=1
ψ−(c` + 0)P [{θ0 + c`}] + ψ−(0)P [Z > θ0]
= Hρ1 (θ0) +
∞∑
`=1
(ψ−(c` + 0)− ψ−(c`))P [{θ0 + c`}] = Hρ1 (θ0).
Similarly, applying Lemma B.2 to (B.5) gives
lim
θ
<→θ0
Hρ2 (θ0) = −
∞∑
`=0
∫ ∞
−∞
ψ−(z − θ0 + 0)I[θ0 − c`+1 ≤ z < θ0 − c`] dP (z)
+ψ−(0)P [Z < θ0]
= −
∞∑
`=0
∫ ∞
−∞
ψ−(z − θ0)I[θ0 − c`+1 < z < θ0 − c`] dP (z)
−
∞∑
`=0
ψ−(−c`+1 + 0)P [{θ0 − c`+1}] + ψ−(0)P [Z < θ0],
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which entails that
lim
θ
<→θ0
Hρ2 (θ0) = −
∞∑
`=0
∫ ∞
−∞
ψ−(z − θ0)I[θ0 − c`+1 < z < θ0 − c`] dP (z)
−
∞∑
`=1
ψ−(−c` + 0)P [{θ0 − c`}]− ψ−(0)P [{θ0}] + ψ−(0)P [Z ≤ θ0]
= Hρ2 (θ0) +
∞∑
`=1
(ψ−(−c`)− ψ−(−c` + 0))P [{θ0 − c`}] = Hρ2 (θ0).
We conclude that Hρ1 and H
ρ
2 are also left-continuous, which implies that G
ρ
is continuous. 
Lemmas B.3–B.4 below will be needed in subsequent proofs.
Lemma B.3. Fix ρ ∈ C and P ∈ Pρ1 . Denote as F the cumulative
distribution function associated with P . Let θa < θb with F (θa) > 0 and
F (θb−0)−F (θa) > 0, where F (θb−0) is the limit of F (θ) when θ converges
to θb from below. Then G
ρ(θb) > G
ρ(θa).
Proof of Lemma B.3. It directly follows from (B.3) that
{δ +Hρ1 (θa) +Hρ2 (θa)}{δ +Hρ1 (θb) +Hρ2 (θb)}{Gρ(θb)−Gρ(θa)}
≥ {δ(1− F (θa)) +Hρ1 (θa)}{Hρ2 (θb)−Hρ2 (θa)}+ δ2{F (θb)− F (θa)}.(B.6)
If δ = −ψ−(0) > 0, then this readily yields
{δ +Hρ1 (θa) +Hρ2 (θa)}{δ +Hρ1 (θb) +Hρ2 (θb)}{Gρ(θb)−Gρ(θa)}
≥ δ2{F (θb)− F (θa)} > 0,
which implies that Gρ(θb) > G
ρ(θa). We may therefore restrict to the
case ψ−(0) = 0 (recall that δ = −ψ−(0) ≥ 0), under which (B.6) rewrites
{Hρ1 (θa) +Hρ2 (θa)}{Hρ1 (θb) +Hρ2 (θb)}{Gρ(θb)−Gρ(θa)}
≥ Hρ1 (θa){Hρ2 (θb)−Hρ2 (θa)}.
Since 1 − F (θa) ≥ F (θb − 0) − F (θa) > 0 and ψ−(z) > ψ−(0) = 0 for
any z > 0 (recall that ψ−(z) 6= 0 for z 6= 0), we have
Hρ1 (θa) =
∫ ∞
−∞
{ψ−(z − θa) + ψ−(0)}I[z > θa] dP (z) > 0.
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Now, for any z < θb, we have ψ−(z − θb) < ψ−(0) = 0, whereas for any z,
we have ψ−(z− θa) ≥ ψ−(z− θb). Therefore, using the fact that F (θb− 0)−
F (θa) > 0, we have
Hρ2 (θb)−Hρ2 (θa) =
∫ ∞
−∞
{{ψ−(0)− ψ−(z − θb)}I[z < θb]
−{ψ−(0)− ψ−(z − θa)}I[z ≤ θa]
}
dP (z) > 0
≥
∫ ∞
−∞
{ψ−(0)− ψ−(z − θb)}I[θa < z < θb] dP (z).
We conclude that Gρ(θb) > G
ρ(θa). 
Lemma B.4. Fix ρ ∈ C and P ∈ Pρ1 . Assume that ψ− is monotone
strictly increasing over R. Let θ′ < θ′′ with θ′, θ′′ ∈ CP = {θ ∈ R :
min(P [Z ≤ θ], P [Z ≥ θ]) > 0}. Then Gρ is monotone strictly increasing
over [θ′, θ′′].
Proof of Lemma B.4. Fix θa, θb with θ
′ < θa < θb < θ′′, so that P [Z >
θa] > 0 and P [Z < θb] > 0. Recalling that all terms in the right-hand side
of (B.3) are non-negative, we obtain
{δ +Hρ1 (θa) +Hρ2 (θa)}{δ +Hρ1 (θb) +Hρ2 (θb)}{Gρ(θb)−Gρ(θa)}
≥ {δ(1− F (θa)) +Hρ1 (θa)}{Hρ2 (θb)−Hρ2 (θa)}.
Since P [Z > θa] > 0 and ψ−(z) > −ψ−(0) for any z > 0, we have
δ(1− F (θa)) +Hρ1 (θa)
≥ Hρ1 (θa) =
∫ ∞
−∞
{ψ−(z − θa) + ψ−(0)}I[z > θa] dP (z) > 0.
Now, for any z < θb, we have ψ−(0) > ψ−(z − θb), whereas for any z, we
have ψ−(z− θa) > ψ−(z− θb). Therefore, using the fact that P [Z < θb] > 0,
we have
Hρ2 (θb)−Hρ2 (θa) =
∫ ∞
−∞
{{ψ−(0)− ψ−(z − θb)}I[z < θb]
−{ψ−(0)− ψ−(z − θa)}I[z ≤ θa]
}
dP (z) > 0.
We conclude that Gρ(θb) > G
ρ(θa). This shows that G
ρ is monotone strictly
increasing over (θ′, θ′′), hence over [θ′, θ′′]. 
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In the rest of this appendix, θα(Z), H
ρ
α,u(Z), . . . , will respectively stand
for θα(P ), H
ρ
α,u(P ), . . . , where P is the distribution of Z.
Proof of Theorem 3.1. Let Z be a random d-vector with distribu-
tion P . First note that the assumption on ρ entails that ψ−(λt) = λr−1ψ−(t)
for any t ∈ R and λ > 0, which provides
E[|ψ−(u′A(AZ + b)− θ)|I[u′A(AZ + b) ≤ θ]]
E[|ψ−(u′A(AZ + b)− θ)|]
=(B.7)
E[|ψ−(u′Z − {‖(A−1)′u‖θ − u′A−1b})|I[u′Z − {‖(A−1)′u‖θ − u′A−1b} ≤ 0]]
E[|ψ−(u′Z − {‖(A−1)′u‖θ − u′A−1b})|] ·
Denote as Sα the set of real numbers φ such that
E[|ψ−(u′Z − φ)|I[u′Z − φ ≤ 0]]
E[|ψ−(u′Z − φ)|] ≥ α
and as Tα the set of real numbers θ such that
E[|ψ−(u′A(AZ + b)− θ)|I[u′A(AZ + b) ≤ θ]]
E[|ψ−(u′A(AZ + b)− θ)|]
≥ α.
It follows from (B.7) that θ ∈ Tα if and only if ‖(A−1)′u‖θ − u′A−1b ∈ Sα.
Thus, Sα = ‖(A−1)′u‖Tα−u′A−1b. Since θρα(u′Z) = inf Sα and θρα(u′A(AZ+
b)) = inf Tα by definition, this implies that
θρα(u
′Z) = ‖(A−1)′u‖θρα(u′A(AZ + b))− u′A−1b.
We conclude that Hρα,uA(AZ + b) collects the d-vectors z satisfying
u′Az ≥
θρα(u′Z)
‖(A−1)′u‖ +
u′A−1b
‖(A−1)′u‖ ,
or equivalently, u′(A−1(z − b)) ≥ θρα(u′Z). This establishes the result. 
Let Z be a random d-vector with distribution P ∈ Pρd . In the subsequent
proofs, we let
(B.8) Gρu(θ) :=
E[|ψ−(u′Z − θ)|I[u′Z − θ ≤ 0]]
E[|ψ−(u′Z − θ)|] ·
With this notation, θρα(Pu) = θ
ρ
α(u′Z) is given by inf
{
θ ∈ R : Gρu(θ) ≥ α
}
;
see Theorem 2.1(v).
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Proof of Theorem 3.2. Fix α ∈ (0, 1). By definition, Rρα(P ) is an in-
tersection of closed convex subsets of Rd, so that it is itself closed and con-
vex. Since the affine-equivariance relation Rρα(PA,b) = AR
ρ
α(P ) + b (for ρ ∈
Caff) is a direct corollary of Theorem 3.1, it only remains to show that
(i) Rρα(P ) ⊂ CP and that (ii) Rρα(P ) is bounded. Let us start with (i).
Fix z /∈ CP and let Z be a random d-vector with distribution P . Then
there exists u0 ∈ Sd−1 such that P [u′0Z ≤ u′0z] = 0, so that Gρu0(u′0z) = 0.
Right-continuity of Gρu0 then entails that u
′
0z < θ
ρ
α(u′0Z). In other words,
z /∈ Hρα,u0(P ), which implies that z /∈ Rρα(P ). (ii) Fix z ∈ Rρα(P ). For
any j ∈ {1, . . . , d}, we must have z ∈ Hρα,ej (P ) ∩ Hρα,−ej (P ), where ej de-
notes the jth vector of the canonical basis of Rd. This implies that, for any j,
we have zj ≤ θρα(Zj) and −zj ≤ θρα(−Zj), that is zj ∈ [−θρα(−Zj), θρα(Zj)].
Since the definition in (2.3) entails that θρα(Y ) is finite for any random
variable Y , it follows that Rρα(P ) is a subset of the bounded hyperrectan-
gle×dj=1[−θρα(−Zj), θρα(Zj)], hence is itself bounded. 
Proof of Theorem 4.1. In this proof, we let R˜ρα(P ) := {y ∈ Rd :
MDρ(y, P ) ≥ α}. Assume first that z ∈ Rρα(P ). Then MDρ(z, P ) = sup{β >
0 : z ∈ Rρβ(P )} ≥ α, so that z ∈ R˜ρα(P ). Now, assume that z /∈ Rρα(P ). Then
there exists u such that u′z < θρα(Pu). By definition of θ
ρ
α(Pu), we must
have Gρu(u′z) < α. Fix then α′ ∈ (Gρu(u′z), α). Since Gρu is right-continuous,
there exists δ ∈ (0, θρα(Pu)−u′z) such that Gρu(t) < α′ for any r ∈ [u′z, u′z+
δ]. The monotonicity of Gρu then implies that u′z < u′z + δ ≤ θρα′(Pu),
which entails that z /∈ Rρα′(P ). We conclude that MDρ(z, P ) ≤ α′ < α, so
that z /∈ R˜ρα(P ). 
Proof of Theorem 4.2. Let α∗ := supz∈RdMDρ(z, P ). Since the result
trivially holds if α∗ = 0, we may restrict to the case α∗ > 0. For any positive
integer n, there exists zn ∈ Rd such that MDρ(zn, P ) ≥ α∗ − (1/n). By
dropping finitely many terms in the resulting sequence (zn), one obtains a
sequence with values in Rρα∗/2(P ) (recall that Theorem 4.1 states that R
ρ
α(P )
collects the z’s such that MDρ(z, P ) ≥ α). Thus, from the compactness
of Rρα∗/2(P ) (Theorem 3.2), there exists a subsequence (zn`) that converges
in Rρα∗/2(P ), to z∗ say. Fix then an arbitrary ε > 0. For ` large enough, zn`
belongs to the closed set Rρα∗−ε(P ), so that z∗ also belongs to R
ρ
α∗−ε(P ). We
therefore proved that MDρ(z∗, P ) ≥ α∗ − ε for any ε > 0, which establishes
the result. 
The proof of Theorem 4.3 requires the following lemma.
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Lemma B.5. Fix α ∈ (0, 1) and let Z be a random variable with a dis-
tribution P (∈ Pd1 ) that is symmetric about θ∗. Then, unless it is void, the
interval [θρα(Z),−θρα(−Z)] contains θ∗.
Proof of Lemma B.5. Since the symmetry assumption ensures that −Z
and Z − 2θ∗ are equal in distribution, we have
Gρ−1(θ) =
E[|ψ−(−Z − θ)|I[−Z ≤ θ]]
E[|ψ−(−Z − θ)|] = G
ρ
1(2θ∗ + θ),
where we used the notation defined in (B.8). Consequently,
θρα(−Z) = inf
{
θ ∈ R : Gρ−1(θ) ≥ α
}
= − sup{θ ∈ R : Gρ−1(−θ) ≥ α}
= − sup{θ ∈ R : Gρ1(2θ∗ − θ) ≥ α}.
Therefore, the interval [θρα(Z),−θρα(−Z)] rewrites [inf I+, sup I−], with
I± :=
{
θ ∈ R : Gρ1(θ∗ ± (θ − θ∗)) ≥ α
}
.
The result then follows from the fact that I− is obtained from I+ by applying
a reflection with respect to θ∗. 
Proof of Theorem 4.3. (i) The claim directly follows from the affine-
equivariance result in Theorem 3.2. (ii) Letting Z be a random d-vector with
distribution P , assume by contradiction that MDρ(z, P ) > MDρ(θ∗, P ) for
some z ∈ Rd. Thus, there exists α ∈ (0, 1) such that z ∈ Rρα(P ) and θ∗ /∈
Rρα(P ). In other words, while u′z ≥ θρα(u′Z) for any u ∈ Sd−1, there exists u0
such that u′0θ∗ < θ
ρ
α(u′0Z). This implies that [θ
ρ
α(u′0Z),−θρα(−u′0Z)] is non-
empty (it contains u′z) but does not contain u′0θ∗. Since, by assumption,
u′0Z is centrally symmetric about u′0θ∗, this contradicts Lemma B.5. (iii)
Fix r2 > r1 ≥ 0. The quasi-concavity property stated in the paragraph below
Theorem 4.1 readily provides MDρ(θ+ r1u, P ) ≥ min(MDρ(θ, P ),MDρ(θ+
r2u, P )) = MD
ρ(θ+r2u, P ), so that r 7→MDρ(θ+ru, P ) is indeed monotone
non-increasing over R+. Now, fix r > ru(P ). By definition of ru(P ), θ + ru
does not belong to CP . Theorem 3.2 then ensures that there is no α ∈ (0, 1)
for which θ + ru ∈ Rρα(P ). Thus, by definition, MDρ(θ + ru, P ) = 0. (iv)
Fix ε > 0. In view of Theorem 3.2, there exists C > 0 such that Rεα(P ) is
included in {z ∈ Rd : ‖z‖ ≤ C}. Consequently, Theorem 4.1 entails that, as
soon as ‖z‖ > C, one has MDρ(z, P ) < ε, as was to be shown. 
Proof of Theorem 4.4. Fix z ∈ Rd and let α = infu∈Sd−1 Gρu(u′z)
be the right-hand side of (4.1). Then, Gρu(u′z) ≥ α for any u ∈ Sd−1. By
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definition, we must then have u′z ≥ θρα(u′Z) for any u, that is, z ∈ Hρα,u(P )
for any u. This implies that z ∈ Rρα(P ), hence that MDρ(z, P ) ≥ α. By
contradiction, assume now that MDρ(z, P ) > α. Then there exists α′ >
α such that z ∈ Rρα′(P ). This means that z ∈ Hρα′,u(P ) for any u, i.e.,
that u′z ≥ θρα′(u′Z) for any u. Since Gρu is right-continuous and montone
non-decreasing, this entails that Gρu(u′z) ≥ Gρu(θρα′(u′Z)) ≥ α′ for any u.
Consequently, we must have α = infu∈Sd−1 G
ρ
u(u′z) ≥ α′, a contradiction. 
The proof of Theorem 4.5 requires the following result.
Lemma B.6. Fix ρ ∈ C and let Z be a random d-vector with distribu-
tion P ∈ Pρd . Then, (i) there exist c > 0 and ε > 0 such that P [|u′(Z−z)| <
c] ≤ 1 − ε for any u ∈ Sd−1 and z ∈ Rd; (ii) inf(u,z)∈Sd−1×Rd E[|ψ−(u′(Z −
z))|] > 0.
Proof of Lemma B.6. (i) First pick r so large that P [‖Z‖ ≥ r/2] ≤ 1/2.
For any u ∈ Sd−1 and a > r, we then have
(B.9) P [|u′Z − a| < r/2] ≤ P [‖Z‖ > r/2] ≤ 1/2.
It is thus sufficient to show that there exist c > 0 and ε > 0 such that
P [|u′Z − a| < c] ≤ 1− ε for any u ∈ Sd−1 and a ∈ [0, r].
By contradiction, assume that for any c > 0 and ε > 0, there exist u ∈
Sd−1 and a ∈ [0, r] such that P [|u′Z−a| < c] > 1−ε. We can thus construct
a sequence ((un, an)) in K = Sd−1 × [0, r] such that
P [|u′nZ − an| < 1/n] > 1− (1/n).
Compactness of K entails that there exists a subsequence ((un` , an`)) that
converges in K, to (u0, a0) say. Clearly, we may assume that (u
′
n`
u0) is
a monotone non-decreasing sequence and that (|an` − a0|) is a monotone
non-increasing sequence (if that is not the case, one can always extract a
further subsequence meeting these monotonicity properties). Let then I` :=
[a0 − |an` − a0|, a0 + |an` − a0|] and C` := {u ∈ Sd−1 : u′u0 ≥ u′n`u0}. Note
that the sequences of sets (I`) and (C`) are monotone non-increasing with
respect to inclusion, with ∩`I` = {a0} and ∩`C` = {u0}. Therefore,
lim
`→∞
s` := lim
`→∞
P [Z ∈ ∪a∈I` ∪u∈C` {y : |u′y− a| ≤ 1/n`}] = P [u′0Z − a0 = 0].
But, for any `, s` ≥ P [|u′n`Z − an` | ≤ 1/n`] ≥ 1 − (1/n`), which implies
that (s`) converges to one as ` diverges to infinity. Therefore, P [u
′
0Z − a0 =
0] = 1, which, since P ∈ Pρd , is a contradiction.
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(ii) Fix c and ε > 0 as in Part (i) of the lemma, that is, such that,
letting Au,z := {y ∈ Rd : |u′(y − z)| ≥ c}, we have P [Au,z] ≥ ε for any u ∈
Sd−1 and z ∈ Rd. Then, for any such u and z,
E[|ψ−(u′(Z − z))|] ≥
∫
Au,z
|ψ−(u′(y − z))| dP (y) ≥ εψ−(c) > 0,
since, for ρ ∈ C, ψ−(t) may be zero at t = 0 only. The result follows. 
Proof of Theorem 4.5. Let
mz,u(P ) = m
ρ
z,u(P ) :=
E[|ψ−(u′(Z − z))|I[u′(Z − z) ≤ 0]]
E[|ψ−(u′(Z − z))|] ·
Fix ε > 0. For any Q ∈ Pρd , let uz(Q) be such that mz,uz(Q)(Q) ≤MDρ(z,Q)
+ ε (existence follows from Theorem 4.4). Then
|MDρ(z, Pn)−MDρ(z, P )| I[MDρ(z, Pn) ≥MDρ(z, P )]
≤ mz,uz(P )(Pn)−mz,uz(P )(P ) + ε ≤ sup
u
|mz,u(Pn)−mz,u(P )|+ ε
and
|MDρ(z, Pn)−MDρ(z, P )| I[MDρ(z, Pn) < MDρ(z, P )]
≤ mz,uz(Pn)(P )−mz,uz(Pn)(Pn) + ε ≤ sup
u
|mz,u(P )−mz,u(Pn)|+ ε
(in this proof, all infima/suprema in u are over Sd−1, whereas those in z are
over Rd). Therefore,
|MDρ(z, Pn)−MDρ(z, P )| ≤ sup
u
|mz,u(Pn)−mz,u(P )|+ ε,
and since this holds for any ε > 0, this yields
|MDρ(z, Pn)−MDρ(z, P )| ≤ sup
u
|mz,u(Pn)−mz,u(P )|,
which provides
sup
z
|MDρ(z, Pn)−MDρ(z, P )| ≤ sup
z,u
|mz,u(Pn)−mz,u(P )|.
Now, writing q−z,u(P ) := E[|ψ−(u′(Z − z))|I[u′(Z − z) ≤ 0]], q+z,u(P ) :=
E[|ψ−(u′(Z − z))|I[u′(Z − z) > 0]] and qz,u(P ) := q−z,u(P ) + q+z,u(P ) =
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E[|ψ−(u′(Z − z))|], we have
|mz,u(Pn)−mz,u(P )| =
∣∣∣q−z,u(Pn)
qz,u(Pn)
− q
−
z,u(P )
qz,u(P )
∣∣∣
≤ |q
−
z,u(Pn)− q−z,u(P )|
qz,u(Pn)
+ q−z,u(P )
∣∣∣ 1
qz,u(Pn)
− 1
qz,u(P )
∣∣∣
≤ |q
−
z,u(Pn)− q−z,u(P )|+ |qz,u(Pn)− qz,u(P )|
qz,u(Pn)
≤ 2 supz,u |q
−
z,u(Pn)− q−z,u(P )|+ supz,u |q+z,u(Pn)− q+z,u(P )|
infz,u qz,u(P )− supz,u |qz,u(Pn)− qz,u(P )|
for any z ∈ Rd and u ∈ Sd−1. Since infz,u qz,u(P ) > 0 (Lemma B.6), it only
remains to prove that
(B.10) sup
z,u
|q−z,u(Pn)− q−z,u(P )| a.s.→ 0 and sup
z,u
|q+z,u(Pn)− q+z,u(P )| a.s.→ 0
as n → ∞. Let us focus on the first convergence in (B.10). Clearly, we are
after a Glivenko-Cantelli theorem for the classes of functions
Fρ :=
{
y 7→ fρz,u(y) := −ψ−(u′(y − z))I[u′(y − z) ≤ 0] : z ∈ Rd, u ∈ Sd−1
}
.
The collection H of all halfspaces in Rd+1 is a Vapnik-Chervonenkis class;
see, e.g., Page 152 of Van der Vaart and Wellner (1996). Consequently, defin-
ing the subgraph of a function f : Rd → R as sf := {(y, t) ∈ Rd+1 : t < f(y)}
and letting
F :=
{
y 7→ fz,u(y) := u′(y − z) : z ∈ Rd, u ∈ Sd−1
}
,
the collection of subgraphs {sf : f ∈ F}, as a subset of H, is a Vapnik-
Chervonenkis class. In other words, F is a VC- subgraph class (see, e.g., Sec-
tion 2.6.2 of Van der Vaart and Wellner, 1996). Now, since t 7→ −ψ−(t)I[t ≤
0] is a monotone function, Lemma 2.6.18(viii) of Van der Vaart and Wellner
(1996) implies that Fρ is itself a VC-subgraph class, hence is Glivenko-
Cantelli, which implies the first convergence in (B.10). Since the same rea-
soning establishes the second convergence in (B.10), the result is proved.

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Proof of Theorem 4.6. The mapping z 7→ MDρ(z, P ) is upper semi-
continuous (see the paragraph below Theorem 4.1) and constant overRρα∗(P ),
with α∗ := maxz∈RdMDρ(z, P ). Clearly, it is easy to define a mapping z 7→
MDρ0(z, P ) that is upper semicontinuous, agrees with z 7→MDρ(z, P ) in the
complement of Rρα∗(P ), and for which z∗(P ) is the unique maximizer. The
result then follows from Theorem 2.12 and Lemma 14.3 in Kosorok (2008)
and from Theorem 4.5. 
The proof of Theorem 4.7 requires Lemmas B.7–B.8 below.
Lemma B.7. Fix ρ ∈ C and assume that P ∈ Pρd assigns probability
zero to all hyperplanes in Rd. Then, (i) (u, z) 7→ Gρu(u′z) is continuous
over Sd−1 × Rd; (ii) z 7→MDρ(z, P ) is uniformly continuous on Rd.
Proof of Lemma B.7. (i) Letting `±(u, z) := E[|ψ−(u′(Z−z))|I[±u′(Z−
z) > 0]], first note that, under the assumptions considered on P , we have
Gρu(u
′z) =
`−(u, z)
`−(u, z) + `+(u, z)
=: `(u, z)·
We only show that (u, z) 7→ `−(u, z) is continuous over Sd−1 × Rd (conti-
nuity of `+ can indeed be proved along the exact same lines). To that end,
fix (u0, z0) ∈ Sd−1 × Rd and let ((un, zn)) be a sequence in Sd−1 × Rd that
converges to (u0, z0). Let D be the collection of discontinuity points of ψ−
(recall that D is at most countable). For any z ∈ Rd such that u′0(z−z0) /∈ D,
hn(z) := |ψ−(u′n(z − zn))|I[u′n(z − zn) < 0]
−|ψ−(u′0(z − z0))|I[u′0(z − z0) < 0]→ 0
as n→∞. Since P assigns probability mass zero to all hyperplanes, this con-
vergence holds P -almost everywhere. Assuming that hn(z) is upper-bounded
by a P -integrable function that does not depend on n, the Lebesgue Domi-
nated Convergence Theorem then yields that
`−(un, zn)− `−(u0, z0) =
∫
Rd
hn(z) dP (z)→ 0
as n→∞, which proves continuity of `−.
It therefore remains to show that hn(z) is upper-bounded by a P -integrable
function that does not depend on n. To do so, let v1 = e1, . . . , vd = ed, vd+1 =
−e1, . . . , v2d = −ed, where ej denotes the jth vector of the canonical basis
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of Rd. With this notation, note that, for any u ∈ Sd−1 and z ∈ Rd, one has
u′z =
d∑
j=1
ujzj ≥
( d∑
j=1
|uj |
)
min
{− |zj |, j = 1, . . . , d}
≥min{v′jz, j = 1, . . . , 2d}.
For large n, we have |u′nzn| ≤ ‖z0‖+ 1 =: c, which then yields
|ψ−(u′n(z − zn))|I[u′n(z − zn) < 0] ≤ |ψ−(u′nz − c)|I[u′nz − c < 0]
≤ |ψ−(min
{
v′jz, j = 1, . . . , 2d
}− c)| ≤ 2d∑
j=1
|ψ−(v′jz − c)|.
We thus conclude that, still for large n, the function z 7→ hn(z) is upper-
bounded by the function
z 7→ |ψ−(u′0z − u′0z0)|+
2d∑
j=1
|ψ−(v′jz − c)|,
which is P -integrable and does not depend on n. This completes the proof
of Part (i) of the result.
(ii) Fix then an arbitrary compact set K ⊂ Rd and ε > 0. Since ` is contin-
uous over the compact set Sd−1×K, it is also uniformly continuous on that
set. Hence, there exists δ > 0 such that for any u1, u2 ∈ Sd−1 and z1, z2 ∈ K
satisfying max(‖u1 − u2‖, ‖z1 − z2‖) < δ, we have |`(u1, z1)− `(u2, z2)| < ε.
For any z ∈ Rd, pick arbitrarily uz ∈ Sd−1 such that MDρ(z, P ) = `(uz, z);
existence follows by using Part (i) of the lemma and the compactness of Sd−1
in Theorem 4.4. Then, for any z1, z2 ∈ K with ‖z1 − z2‖ < δ, we have
MDρ(z1, P ) = `(uz1 , z1) > `(uz1 , z2)− ε ≥MDρ(z2, P )− ε.
By symmetry, we also have MDρ(z2, P ) > MD
ρ(z1, P ) − ε, which yields
|MDρ(z2, P )−MDρ(z1, P )| < ε. Consequently, z 7→MDρ(z, P ) is uniformly
continuous over K.
We now show that uniform continuity extends to Rd. To do so, fix ε > 0
and pick C large enough to have MDρ(z, P ) < ε/2 as soon as z /∈ B0(C) :=
{z ∈ Rd : ‖z‖ ≤ C} (existence of C follows from Theorem 4.3(iv)). Since z 7→
MDρ(z, P ) is uniformly continuous over any B0(r), there exists δ > 0 such
that for any z1, z2 ∈ B0(C+1) such that ‖z1−z2‖ < δ, one has |MDρ(z2, P )−
MDρ(z1, P )| < ε. Letting δ˜ := min(δ, 1), it is then easy to check that for
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any z1, z2 ∈ Rd such that ‖z1 − z2‖ < δ˜, we must have |MDρ(z2, P ) −
MDρ(z1, P )| < ε (note that as soon as one of such z1, z2 belongs to B0(C),
then they both belong to B0(C + 1)). 
Lemma B.8. Fix ρ ∈ C and assume that P ∈ Pρd assigns probability zero
to all hyperplanes in Rd and has a connected support (in the sense defined
above Theorem 4.7). Fix z0, z1 ∈ Rd with MDρ(z0, P ) = maxz∈RdMDρ(z, P )
> MDρ(z1, P ) > 0. Then,
(B.11) MDρ((1− λ)z0 + λz1, P ) > MDρ(z1, P )
for any λ ∈ (0, 1).
Proof of Lemma B.8. Write zλ := (1−λ)z0 +λz1 and let uλ ∈ Sd−1 be
such that MDρ(zλ, P ) = G
ρ
uλ(u
′
λzλ); existence follows from Lemma B.7(i)
and the compactness of Sd−1. Assume first that u′λz0 = u′λz1(= u′λzλ). Then,
since z0 has maximal depth, we have
MDρ(zλ, P ) = G
ρ
uλ
(u′λz0) = MD
ρ(z0, P ) > MD
ρ(z1, P ).
We can thus restrict to the case u′λz0 6= u′λz1, under which θb := u′λzλ =
(1− λ)u′λz0 + λu′λz1 > min(u′λz0, u′λz1) =: θa. Now,
Gρuλ(θa) = min(G
ρ
uλ
(u′λz0), G
ρ
uλ
(u′λz1)) ≥ min(MDρ(z0, P ),MDρ(z1, P )) > 0.
Writing F (x) := P [u′λZ ≤ x], this implies that F (θa) > 0 (indeed, F (θa) = 0
would yield Hρ2 (θ)+δF (θa) = 0, hence G
ρ
uλ(θa) = 0; see (B.2) based on P =
Puλ , the distribution of u
′
λZ). Quasi-concavity of MD
ρ( · , P ) ensures that
Gρ−uλ(−u′λzλ) ≥MDρ(zλ, P ) ≥ min(MDρ(z0, P ),MDρ(z1, P )) > 0,
which similarly implies that P [−u′λZ ≤ −u′λzλ] > 0, that is, 1 − F (θb −
0) > 0, where F (θb − 0) still denotes the limit of F (θ) when θ converges
to θb from below. The assumption of connected support therefore implies
that F (θb − 0)− F (θa) > 0. Lemma B.3 thus entails that
MDρ(zλ, P ) = G
ρ
uλ
(θb) > G
ρ
uλ
(θa) ≥ min(MDρ(z0, P ),MDρ(z1, P )),
which establishes the result. 
We can now prove Theorem 4.7.
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Proof of Theorem 4.7. In view of Theorem 4.5 and the result in
Theorem 4.5 from Dyckerhoff (2016) (more precisely, its corollary in a ran-
dom sampling scheme as discussed in page 13 of that paper), it is suffi-
cient to prove that MDρ( · , P ) is strictly monotone, in the sense that, for
any α ∈ (0, α∗), with α∗ := maxy∈RdMDρ(y, P ), the region Rρα(P ) is the
closure R¯ρα,>(P ) of R
ρ
α,>(P ) := {z ∈ Rd : MDρ(z, P ) > α}.
Now, sinceRρα(P ) is closed and containsR
ρ
α,>(P ), we have that R¯
ρ
α,>(P ) ⊂
Rρα(P ). To show that R
ρ
α(P ) ⊂ R¯ρα,>(P ), fix z ∈ Rρα(P ). If MDρ(z, P ) > α,
then z trivially belongs to R¯ρα,>(P ), so that we may assume thatMD
ρ(z, P ) =
α. Consider then the line segment associated with zλ := (1 − λ)z∗ + λz,
λ ∈ (0, 1), from an arbitrary deepest point z∗ of MDρ( · , P ) to z. Under the
assumptions considered, Lemma B.8 guarantees that (z1−(1/n)) is a sequence
in Rρα,>(P ) that converges to z, so that z ∈ R¯ρα,>(P ). We conclude that we
also have Rρα(P ) ⊂ R¯ρα,>(P ), hence that MDρ( · , P ) is strictly monotone.
This establishes the result. 
Proof of Theorem 5.1. Let Y be a random variable with a distribu-
tion in P1. It follows from Theorem 2.1 and Lemma B.4 that the order-1/2
expectile of Y is E[Y ] and that this expectile is the only value of θ such that
E[|Y − θ|I[Y − θ ≤ 0]]/E[|Y − θ|] = 1/2. For any u ∈ Sd−1, we thus have
that
E[|u′(Z − E[Z])|I[u′(Z − E[Z]) ≤ 0]]
E[|u′(Z − E[Z])|] =
1
2
(Z is a random d-vector with distribution P ), so that, writing µP = E[Z], (5.1)
yields ED(µP , P ) = 1/2. Assume now that there exists z ∈ Rd such that
ED(z, P ) = e > 1/2. Then, for an arbitrary fixed u ∈ Sd−1, one has
(B.12)
E[|u′(Z − z)|I[u′(Z − z) ≤ 0]]
E[|u′(Z − z)|] ≥ e
and
(B.13)
E[| − u′(Z − z)|I[−u′(Z − z) ≤ 0]]
E[| − u′(Z − z)|] ≥ e.
Adding up these two inequalities yields 1 ≥ 2e, a contradiction. We conclude
that ED(µP , P ) ≥ ED(z, P ) for any z ∈ Rd, and it only remains to show
that µP is the only maximizer of expectile depth. For that purpose, assume
that z is such that ED(z, P ) = 1/2. Then for any u ∈ Sd−1, the inequalities
in (B.12)–(B.13) hold with e = 1/2 and are actually equalities (indeed, would
there be a direction u for which at least one of these inequalities would be
strict, then adding up both inequalities as above would provide 1 > 1,
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a contradiction). Thus, for any u ∈ Sd−1, u′z is the order-1/2 expectile
of u′Z, that is, u′z = E[u′Z] (see above). This means that u′(z − µP ) = 0
for any u ∈ Sd−1, which shows that z = µP . 
The proof of Theorem 5.2 requires the following strict quasi-concavity
property.
Lemma B.9. Let P be a probability measure in Pd and denote as µP the
corresponding mean vector. Then,
(B.14) ED((1− λ)µP + λz, P ) > ED(z, P )
for any λ ∈ [0, 1) and z( 6= µP ) in the c-support CP of P .
Proof of Lemma B.9. Fix zλ := (1 − λ)µP + λz, with z( 6= µP ) ∈ CP
and λ ∈ (0, 1) (for λ = 0, the result directly follows from Theorem 5.1).
Let A := {u ∈ Sd−1 : u′(z − µP ) = 0}. First note that the proof of Theo-
rem 5.1 entails that, for any u ∈ A,
Gρu(u
′zλ) = Gρu(u
′µP ) =
1
2
= ED(µP , P ) > ED(zλ, P )
(throughout the proof, ρ(t) = t2 is the quadratic loss function), so that (5.1)
yields
(B.15) ED(zλ, P ) = min
u∈Sd−1\A
Gρu(u
′zλ).
Fix then u ∈ Sd−1 \A. Since both z and µP belong to CP , we have P [u′Z ≤
min(u′µP , u′z)] > 0 and P [u′Z ≥ max(u′µP , u′z)] > 0. Recalling that u /∈ A,
we have u′zλ ∈ (min(u′µP , u′z),max(u′µP , u′z)). Lemma B.4 then yields
Gρu(u
′zλ) > Gρu(min(u
′µP , u′z)) = min(Gρu(u
′µP ), Gρu(u
′z))
≥ min(ED(µP , P ), ED(z, P )) = ED(z, P )
for any u ∈ Sd−1 \A. The result thus follows from (B.15). 
Proof of Theorem 5.2. Fix 0 ≤ r1 < r2 < ru(P ). Then, µP + ru ∈
CP for any r ∈ [0, r2]. Therefore, Lemma B.9 yields ED(µP + r1u, P ) >
EDρ(µP +r2u, P ), so that r 7→ ED(µP +ru, P ) is monotone strictly decreas-
ing in [0, ru(P )). Since Theorem 4.3(iii) ensures that ED(µP + ru, P ) = 0
for any r > ru(P ), the result follows from Theorem 5.3 (whose proof is
independent of Theorem 5.2). 
The proof of Theorem 5.3 requires the following preliminary result.
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Lemma B.10. Let Z be a random d-vector with distribution P ∈ Pd.
Then, (i) (u, z) 7→ `−(u, z) := E[|u′(Z − z)|I[u′(Z − z) < 0]] and (u, z) 7→
`+(u, z) := E[|u′(Z−z)|I[u′(Z−z) > 0]] are continuous over Sd−1×Rd; (ii)
for any u ∈ Sd−1, the functions z 7→ `±(u, z) admit, at any z ∈ Rd, direc-
tional derivatives in any direction; (iii) if, moreover, P is smooth in a neigh-
bourhood of z0 (in the sense defined in Theorem 5.3), then, for any u ∈ Sd−1,
the functions z 7→ `±(u, z) are continuously differentiable in a neighbourhood
of z0.
Proof of Lemma B.10. (i) We only prove the result for `−, as the proof
for `+ is entirely similar. Fix (u0, z0) ∈ Sd−1 ×Rd and write Bz0(r) := {z ∈
Rd : ‖z − z0‖ ≤ r}. For any y ∈ Rd, we have that (u, z) 7→ u′(z − y)I[u′y <
u′z] is continuous at (u0, z0). Moreover, for any (u, z) ∈ Sd−1 × Bz0(1), the
function y 7→ u′(z − y)I[u′y < u′z] is upper-bounded by the function y 7→
‖z0‖ + 1 + ‖y‖ that is P -integrable and does not depend on (u, z). The
Lebesgue Dominated Convergence Theorem therefore yields the result.
(ii) We will show that
(B.16)
∂`−
∂v
(z0) = (u
′v)P[u′Z < u′z0]I[u′v < 0] + (u′v)P[u′Z ≤ u′z0]I[u′v > 0].
To do so, note that, for any h > 0,
mz0,u,v(h, y)
:=
1
h
{
u′(z0 + hv − y)I[u′y < u′(z0 + hv)]− u′(z0 − y)I[u′y < u′z0]
}
−{u′vI[u′y < u′z0]I[u′v < 0] + u′vI[u′y ≤ u′z0]I[u′v > 0]}
=
1
h
(
u′(z0 + hv)− u′y
)
S(u′v)I[u′y ∈ Iz0,u,v(h)],
where the sign function S was defined on page 32 and where Iz0,u,v(h) de-
notes the open interval with endpoints u′z0 and u′(z0 + hv). This shows
that, for any y ∈ Rd, mz0,u,v(h, y) converges to zero as h goes to zero from
above and that the function y 7→ |mz0,u,v(h, y)| is upper-bounded by the
function y 7→ |u′v| that is P -integrable and does not depend on h. Conse-
quently, the Lebesgue Dominated Convergence Theorem entails that, as h
goes to zero from above,
`−(u, z0 + hv)− `−(u, z0)
h
−
{
(u′v)P[u′Z < u′z0]I[u′v < 0]
+(u′v)P[u′Z ≤ u′z0]I[u′v > 0]
}
=
∫
Rd
mz0,u,v(h, y) dP (y)→ 0,
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which establishes (B.16). The exact same reasoning allows to show that
(B.17)
∂`+
∂v
(z0) = −(u′v)P[u′Z ≥ u′z0]I[u′v < 0]− (u′v)P[u′Z > u′z0]I[u′v > 0].
(iii) It trivially follows from the Lebesgue Dominated Convergence Theo-
rem that, under the smoothness assumption considered, the functions z 7→
∂`±
∂v (z) in (B.16)-(B.17) are continuous in a neighborhood of z0. 
Proof of Theorem 5.3. Throughout the proof, Z denotes a random
d-vector with distribution P . (i) It directly follows from Lemma B.10(i) that
(B.18) (u, z) 7→ `(u, z) := E[|u
′(Z − z)|I[u′Z ≤ u′z]]
E[|u′(Z − z)|] =
`−(u, z)
`−(u, z) + `+(u, z)
(`− and `+ refer to the same functions as in Lemma B.10) is continuous
over Sd−1×Rd. The proof of uniform continuity then proceeds exactly as in
the proof of Lemma B.7. (ii) Fix z0 ∈ Rd and u, v ∈ Sd−1. Lemma B.10(ii)
implies that z 7→ `(u, z) admits a directional derivative at z0 in direction v.
In dimension d = 1, there are finitely many u’s that are to be considered
in (5.1), so that the aforementioned differentiability readily entails equid-
ifferentiability in the sense of Milgrom and Segal (2002). The result then
follows from Theorem 3 of Milgrom and Segal (2002). (iii) By assumption,
P is smooth over a neighbourhood N of z0. Lemma B.10(iii) then yields
that, for any u ∈ Sd−1, z 7→ `(u, z) is continuously differentiable over N .
The result then follows from Theorem 1 in Danskin (1966) or Proposition 1
in Demyanov (2009). 
Proof of Theorem 5.4. From affine invariance, there is no loss of
generality in assuming that z = 0, u0 = (0, . . . , 0, 1)
′ ∈ Rd and that the
path ut is of the form ut = (0, . . . , 0, cos(t +
pi
2 ), sin(t +
pi
2 ))
′, t ∈ [0, pi].
Since P [Π\{0}] = 0 for any hyperplane Π containing 0, we have, for any t ∈
[0, pi],
γ(t) := e0(ut) =
−h<(t)
−h<(t) + h>(t) =
h<(t)
h<(t)− h>(t) ,
with
h<(t) :=
∫
Rd
u′tyI[u′ty < 0] dP (y) and h>(t) :=
∫
Rd
u′tyI[u′ty > 0] dP (y).
Throughout the proof, we will use the notation µ = E[Z], µt,< := E[ZI[u′tZ <
0]], and µt,> := E[ZI[u′tZ > 0]]. Note that under the assumptions of the the-
orem, we have µ = µ0,> + µ0,<.
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We start by considering differentiability of (a) h<(t) = u
′
tµt,< and (b)
h>(t) = u
′
tµt,>. (a) Since P [Π \ {0}] = 0 for any hyperplane Π contain-
ing 0, the mapping t 7→ u′tyI[u′ty < 0] is P -almost everywhere differen-
tiable at any t ∈ [0, pi], with derivative t 7→ u˙′tyI[u′ty < 0], where we
let u˙t := (0, . . . , 0,− sin(t + pi2 ), cos(t + pi2 ))′. Since the function (t, y) 7→
u˙′tyI[u′ty < 0] is upper-bounded by the t-independent P -integrable func-
tion y 7→ ‖y‖, the mapping t 7→ h<(t) is differentiable at any t ∈ [0, pi],
with derivative h˙<(t) := u˙
′
tµt,<. (b) Similarly, for any y ∈ Rd, the map-
ping t 7→ u′tyI[u′ty > 0] is P -almost everywhere differentiable at any t ∈ [0, pi],
with derivative t 7→ u˙′tyI[u′ty > 0]. Since the function (t, y) 7→ u˙′tyI[u′ty > 0]
is still upper-bounded by the t-independent P -integrable function y 7→ ‖y‖,
the mapping t 7→ h>(t) is differentiable at any t ∈ [0, pi], with deriva-
tive h˙>(t) := u˙
′
tµt,>.
We conclude that t 7→ γ(t) is differentiable at any t ∈ [0, pi], with a
derivative γ˙(t) that satisfies
(h<(t)− h>(t))2γ˙(t) = h˙<(t)(h<(t)− h>(t))− h<(t)(h˙<(t)− h˙>(t))
= h<(t)h˙>(t)− h>(t)h˙<(t) = (u′tµt,<)(u˙′tµt,>)− (u′tµt,>)(u˙′tµt,<).
Let us introduce some further notation. For any t ∈ [0, pi], write the
projections of µt,<, µt,>, and µ onto the plane spanned by the last two
vectors of the canonical basis of Rd as (0, . . . , 0, rt,< cosαt,<, rt,< sinαt,<)′,
(0, . . . , 0, rt,> cosαt,>, rt,> sinαt,>)
′, and (0, . . . , 0, r cosα, r sinα)′, respecti-
vely, where all r’s are nonnegative and all α’s belong to [0, 2pi). Since it is
assumed that ED(z, P ) > 0, we must have
(B.19) rt,> > 0 and αt,> ∈ (t, t+ pi)
for any t ∈ [0, pi] and
(B.20) rt,< > 0 and αt,< ∈ [0, t) ∪ (t+ pi, 2pi)
for any t ∈ [0, pi]. Note that t 7→ αt,> is monotone non-decreasing over [0, pi]
and that t 7→ αt,< is monotone non-decreasing “modulo 2pi” over the same
range. Finally, note also that
(B.21) e0(u0) =
E[|u′0Z|I[u′0Z ≤ 0]]
E[|u′0Z|]
≤ 1
2
(if not, then e0(upi) = 1 − e0(u0) < e0(u0), which contradicts the definition
of u0). If e0(u0) = 1/2, then e0(ut) = 1/2 for any t ∈ [0, pi] (if e0(u) > 1/2
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for some u ∈ C, then e0(−u) = 1 − e0(u) < 1/2 = e0(u0), a contradiction),
so that the result holds with ta = tb = pi. We may thus assume that the
inequality in (B.21) is strict, which implies that u′0µ = E[u′0Z] > 0, hence
that r > 0 and α ∈ [0, pi].
With the notation introduced above, we have
(h<(t)− h>(t))2γ˙(t) = (u′tµt,<)(u˙′tµt,>)− (u′tµt,>)(u˙′tµt,<)
= rt,<rt,>(cos(t+
pi
2 ) cosαt,< + sin(t+
pi
2 ) sinαt,<)
×(− sin(t+ pi2 ) cosαt,> + cos(t+ pi2 ) sinαt,>)
−rt,<rt,>(cos(t+ pi2 ) cosαt,> + sin(t+ pi2 ) sinαt,>)
×(− sin(t+ pi2 ) cosαt,< + cos(t+ pi2 ) sinαt,<)
= rt,<rt,> cos(αt,< − (t+ pi2 )) sin(αt,> − (t+ pi2 ))
−rt,<rt,> cos(αt,> − (t+ pi2 )) sin(αt,< − (t+ pi2 ))
= rt,<rt,> sin(αt,> − αt,<) =: `(t).
Now, since u0 is a minimizer of e0(·) on C, `(0) = −r0,<r0,> sin(α0,< −
α0,>) = 0. Since (B.19)-(B.20) entail that α0,< > α0,>, this yields α0,< =
α0,>+pi. By using the identity µ = µ0,>+µ0,< and the fact that α ∈ [0, pi], we
conclude that α = α0,> ∈ (0, pi). Similarly, using the fact that upi = −u0 is a
maximizer of e0(·) on C (this follows from the fact that e0(−u) = 1− e0(u)
for any u), we have `(pi) = −rpi,<rpi,> sin(αpi,< − αpi,>) = 0, which implies
that αpi,> = αpi,<+pi (recall that we cannot have αpi,< = pi, nor 0). Thus pi <
αpi,> < 2pi. By using the identity µ = µpi,>+µpi,< and the fact that α ∈ (0, pi),
we conclude that αpi,< = α.
Now, fix t0 ∈ [0, pi] with `(t0) = −rt0,<rt0,> sin(αt0,< − αt0,>) 6= 0 (if
there is no such t0, then the result holds with ta = tb = pi). Monotonicity
of t 7→ αt,> yields αt0,> ≥ α0,> = α. Since αt0,> = α would lead to αt0,< =
αt0,> + pi (due to µ = µt0,> + µt0,<), hence to `(t0) = 0, we must actually
have αt0,> > α.
Pick then an arbitrary t ∈ [t0, pi). Monotonicity of t 7→ αt,> then yields
αt,> ≥ αt0,> > α, hence αt,> ∈ (α, t + pi). Since µ = µt,> + µt,<, we must
have αt,< ∈ (αt,> + pi, t + 2pi] mod 2pi, that is, (a) αt,< ∈ (αt,> + pi, 2pi)
or (b) αt,< ∈ [0, t). In case (a), we have αt,< − αt,> ∈ (pi, 2pi), so that
`(t) = −rt,<rt,> sin(αt,<−αt,>) > 0. In case (b), in view of the monotonicity
(modulo 2pi) of t 7→ αt,<, we have αt,< ∈ [0, αpi,< = α]. Therefore, the
identity µ = µt,> + µt,< implies that αt,< < t < αt,> ≤ αt,< + pi. Therefore,
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`(t) = rt,<rt,> sin(αt,> − αt,<) ≥ 0.
Assume that `(t) = 0. As shown above, we must thus be in case (b).
Then αt,> = αt,< + pi, so that (still due to µ = µt,> + µt,<) we must
have αt,< = α = αpi,<. Monotonicity then implies that for any t
′ ∈ [t, pi),
we have αt′,< = α, which, in view of µ = µt′,> + µt′,< yields αt′,> = α + pi.
Consequently, we have `(t′) = 0, which establishes the result. 
Proof of Theorem 6.1. Throughout the proof, ρ(t) = t2 is the quadratic
loss function. (i) First note that since u ∈ Rd+, we have u′X ≤ u′Y al-
most surely, so that the monotonicity of (univariate) expectiles entails that
θρα(u′X) ≤ θρα(u′Y ). It trivially follows thatHρα,u(Y ) ⊂ Hρα,u(X) ⊂ Hρα,u(X)⊕
Rd+. To establish the other inclusion, fix z ∈ Hρα,u(X). We may assume
that z /∈ Hρα,u(Y ) (if z ∈ Hρα,u(Y ), then z = z+0 ∈ Hρα,u(Y )⊕Rd−). We then
have
z = (θρα(u
′Y )u+ (Id − uu′)z) + (u′z − θρα(u′Y ))u =: z0 + z1.
Since u′z0 = θ
ρ
α(u′Y ), we have that z0 ∈ Hρα,u(Y ). Since u′z − θρα(u′Y ) < 0
(recall that z /∈ Hρα,u(Y )) and u ∈ Rd+, we also have z1 ∈ Rd−. This shows
that Hρα,u(X) ⊂ Hρα,u(Y ) ⊕ Rd−. (ii) Let z ∈ Hρα,u(X + Y ) and decompose
it into z = (θρα(u′X)u + (Id − uu′)z) + (u′z − θρα(u′X))u =: z0 + z1. Obvi-
ously, z0 ∈ Hρα,u(X). As for z1, the superadditivity of univariate expectiles
for α ∈ (0, 12 ] implies that u′z1 = u′z−θρα(u′X) ≥ θρα(u′(X+Y ))−θρα(u′X) ≥
θρα(u′Y ), which shows that z1 ∈ Hρα,u(Y ). (iii) If z0 ∈ Hρα,u(X) and z1 ∈
Hρα,u(Y ), then the subadditivity of univariate expectiles for α ∈ [12 , 1) read-
ily yields u′(z0 + z1) ≥ θρα(u′X) + θρα(u′Y ) ≥ θρα(u′(X + Y )), which shows
that z0 + z1 ∈ Hρα,u(X +Y ). (iv) The result trivially follows from the mono-
tonicity of univariate expectiles with respect to their order α. 
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